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ABSTRACT. We consider the steady-state Navier-Stokes equation in the whole
space R3 driven by a forcing function f. The class of source functions f under
consideration yield the existence of at least one solution with finite Dirichlet
integral (||[VU]||2 < o0). Under the additional assumptions that f is absent
of low modes and the ratio of f to viscosity is sufficiently small in a natural
norm we construct solutions which have finite energy (finite L2 norm). These
solutions are unique among all solutions with finite energy and finite Dirichlet
integral. The constructed solutions are also shown to be stable in the following
sense: If U is such a solution then any viscous, incompressible flow in the whole
space, driven by f and starting with finite energy, will return to U.

1. INTRODUCTION

The classical theory of viscous, incompressible fluid flow is governed by the fa-
mous Navier-Stokes equations:

(1.1) u+u-Vu+Vp=vQAu+ f

A large area of modern research is devoted to deducing qualitative properties of
solutions for these equations when they are complemented with initial and boundary
conditions and certain restraints are placed on f and v. The investigations in
this subject are too numerous to attempt to list here so we will limit ourselves to
discussion directly related to the topic of this paper: the steady state Navier-Stokes
equation in the whole space R3.

A steady state (sometimes called stationary in the literature) solution U of the
Navier-Stokes equation is one for which 0, U = 0, that is the solution is constant
in time. Such solutions solve the following PDE, which will be our main point of
investigation.

(1.2) U-VU +Vp=vAU + §
V.U=0

For our purposes this PDE is supplemented with the idea that U tends to zero as |z|
becomes large, made precise by working in functions spaces which are completions
of smooth functions with compact support.

Roughly speaking, the investigation of steady state solutions can be broken into
two regimes: bounded and unbounded domains. In the former situation much
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progress has been made using a Poincaré type inequality (||U]l2 < C||VU||2) to
deduce quickly that solutions have finite energy. In the case where there is no
Poincaré inequality it is desirable to to find conditions on f which will guarantee,
a priori, finite energy of a solution. One of the benefits of establishing existence of
solutions with finite energy in unbounded domains is that many of the techniques
developed using the Poincaré inequality can be applied, but the consideration of
unbounded domains is not a needless complication. Indeed, many physical problems
are best stated in the whole space or in exterior domains where there is no Poincaré
inequality. Moreover, the situation in the whole space is theoretically important as
Leray observed in his seminal paper outlining modern analysis of the Navier-Stokes
equations [21]:

L’absence de parois introduit certes quelques complications concer-

nant l’allure a linfini des fonctions inconnues, mais simplifie beau-

coup l’exposé et met mieux en lumigre les difficultés essentielles;

The main goal of this paper is to develop a new technique which will allow,
with certain conditions on f, the construction of solutions for the steady state
Navier-Stokes equation in the whole space with finite energy. The assumptions we
impose on f limit the amount of low frequency information and require that the
ratio of f to v is small in a natural norm. Once we have established the finite
energy of solutions we deduce uniqueness in the class of solutions with finite energy
and prove these solutions are stable in a strong sense referred to in the literature
as nonlinearly stable. In other situations (not the whole space) non-uniqueness
for solutions of (1.2) has been demonstrated for solutions with f large compared
with v (see [34], Chapter 2, and references therein) so we suspect the smallness
assumption we make on f is necessary and natural for this result. It is currently
unknown if the assumption on low frequency information is natural or a byproduct
of our technique.

1.1. Statement of Results. Modern analysis of the steady state Navier-Stokes
equation in unbounded domains can be traced back to [20] and [26], these ideas were
further developed in [8], [9], and [10] which work with the notion of a physically
reasonable solution. The authors were concerned with the physically interesting
problem of solutions in exterior domains of which the whole space is a special case.
We summarize (perhaps too succinctly) these works with the following idea: If f
is such that the Dirichlet integral | VU]||, is finite (|z|f € L? is sufficient) then
there exists a unique physically reasonable solution U in an exterior domain. This
solution is physically reasonable in the sense that it approaches a constant (possibly
non-zero) vector field like |x|~1 as |z| becomes large and the uniqueness is among
all such functions. These ideas were expanded further in [2], [3], [12], [13], [14], and
[22]. The methods rely heavily upon analysis of the Green’s function for the domain
in question and are quite different from the approach presented in this paper.

Our construction of solutions with finite energy is based on a well known formal
observation: if @ is the fundamental solution for the heat equation then fooo O(t,-)dt
is the fundamental solution for Poisson’s equation. Using this idea it is possible
to make a time dependent PDE similar to the Navier-Stokes equation with f as
initial data with a solution that can be formally integrated in time to find a solution
of (1.2). At this point our analysis turns to the theory of energy decay for fluid
equations. If the decay of the new time dependent PDE is fast enough (an integral
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over all time converges) we can deduce a finite energy bound for (1.2). It is known
that the decay rate of solutions for parabolic PDEs in the whole space is intimately
related to the shape of the initial data near the origin in Fourier space; the low
frequency assumption we make on f is enough to guarantee the convergence of the
required time integrals. This idea is further outlined in Section 2 and made precise
in Section 3.

A particularly useful technique for estimating energy decay is the Fourier Split-
ting Method which was used in [31] to establish energy decay for initial data
up € L?> N L' and later for initial data ug € L? in [25]. Other works in this area
include [2], [17], [18], [22], [23], [24], [27], [28], [29], [30], [35], and [36]. In essence
we are trading bounds on the Green’s function for energy decay theorems which we
base on the Fourier Splitting Method. The assumption on low frequency informa-
tion is stronger then the classical assumptions but our conclusion is stronger. Of
course the previous results consider the more complicated cases of external domains
which are not handled within but we hope that with decay theorems for external
domains one can use the technique presented here to obtain similar results. We
now state precisely the main theorem proved. In the following statement H Lis
the completion of smooth divergence free functions of compact support under the
norm ||V - ||z and H: = HX N L2. Also, X = (H2) N L2. The requirement f € X
implies the classical assumptions f € L? and ||[VU]|2 < co. The later is known as
a finite Dirichlet integral and is sometimes implied by the restriction |z|f € L? in
the literature.

Theorem 1.1. Let M > 0 and f € X satisfy the following assumption:
(A) There exists a py such that f(£) = 0 for almost every €| < po

Then there exists a constant C(po,v, M) so that if || f||x < C(po,v, M) the following
hold:

(i) The PDE (1.2) has a weak solution U € HL. It is a weak solution in the
sense that for any divergence free function of compact support ¢,

(1.3) <U-VU¢>+v < VUV >=< f,¢ >

(ii) This solution satisfies |Ul|lz < M and |[VU|]2 < v fllx-
(iii) This solution is unique among all solutions which have a finite L? norm
and satisfy |VU||2 < v f]lx-

Remark 1.2. The behavior of the constant C(pg,v, M) allows large f when the
Reynolds number is small (see remark 3.16). In this work we assume the Fourier
transform of f is zero in some neighborhood of the origin, this corresponds to
exponential decay for the heat flow starting with initial data f. It is possible to
relax the hypothesis so the heat flow is algebraic but fast and not significantly
change any of the proofs presented here. This could be accomplished by requiring
f to behave like the polynomial |¢|P near the origin in Fourier space where p is some
sufficiently large number (see [1]).

When a solution is known to have finite energy the well developed energy stability
arguments can be applied when f is small measured against v, see [6], [7], [32], and
[33]. This is argued by showing solutions of a nonlinear parabolic PDE, similar to
the Navier-Stokes equation and found by subtracting the steady state, tends zero as
time becomes large. Again we turn to energy decay methods, specifically a method
applied to the Navier-Stokes equation in [25], to show the decay. The method
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consists of estimating the high and low frequencies of the solution separately and
the estimates of the high frequency rely on the Fourier Splitting Method. Section
4 is dedicated to establishing the following theorem.

Theorem 1.3. Let f satisfy the assumptions of Theorem 1.1 and be such that
I fllx is less then the constant given by the theorem. There exists another constant
C(v) such that || f||x < C(v) implies U is stable in the following sense: if wo € L2
is a perturbation and u is a solution of the Navier-Stokes equation (1.1) with initial
data wo + U which satisfies, for any T > 0,

we L®(0,T; L) N L*(0,T; HY)
then
(1) For every € > 0 there is a 6 > 0 such that
lwoll2 <6 implies  sup [Ju(t) —Ulla <€
teR+

(ii) u(t) tends to U as time becomes large, that is

lim |Ju(t) — Uljz =0
t—oo

1.2. Notation. Unless otherwise noted all integrals in this paper are taken over the
whole space R?, C§° denotes the space of smooth functions with compact support.

<fg>= [t V=1{6€CFIV- =0}

1/p
-, = (/ . |p> L2 = { completion of V under the norm || - ||}
|- g =11V -2 H} = { completion of V under the norm || - |}
H'=I12nH] (H}) = {dual of H}}
X =Lzn(H) -l = max{[| - fl2, | [l g2 }

£ :/f(x)e—mm‘z.& de  f(x) =/f(§)e2"”‘5 dé

We will typically write an element f € (H 1) as “f” when we really mean the map
“¢p —< f,¢ >". To denote general constants we use C' which may change from line
to line. In certain cases we will write C'(«) to emphasize the constants dependence
on «. In a similar way we write p to denote general potentials (used to describe the
pressure, one instance of p may not be the same as another even on neighboring
lines). The variable £ is reserved for working in Fourier Space.

2. PRELIMINARIES

Existence of weak solutions for (1.2) is well known, see for example [5], [8], [11],
[16], [19], [20], [34]. A typical approach to constructing weak solutions for this
PDE is to construct approximations with the Galerkin Method and use a priori
bounds with the Banach-Alaoglu theorem to find a subsequence of approximations
converging weakly to a possible solution. Some stronger compactness property is
then used to pass the sequence through the nonlinear term and establish the limit
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is indeed a solution. A good a priori bound for this approach, and a bound we will
rely on throughout is:

(2.4) IVUI5 < v 2|1 fIIx

This is essentially the classical assumption that U has a finite Dirichlet integral but
we derive it from our assumption f € X using the estimate

| < LU > < fIIx VU2
The bound (2.4) is proved formally by multiplying (1.2) by U then integrating by

parts. Noting the specific form of the nonlinearity,
(2.5) <w-VUU>=0

This relation holds when V - w = 0 and the integral is absolutely summable, it
can be proved for functions of compact support using integration by parts then
extended to other classes of functions with a density argument. It holds in three
dimensions when w € L3 and U € H}, or when U € L3 N H} and w € H! since

o

either assumption implies summability.

Fix f and U as a solution to (1.2) (U does not depend on time), we would like
to find conditions on f which guarantee ||U]2 < co. One of the key steps of our
approach is to establish “fast” decay of solutions to the system

(2.6) v+ U-Vuv+Vp=viv
v(0)=f V-v=0
Formally, if v is a solution of (2.6) then U = S5~ v(t) dt solves
U-VU+Vp=vAU + f
V-U=0
Recall we have fixed U earlier and it is also a solution for this PDE since it satisfies
(1.2). As this PDE is linear and V - U = 0, solutions are unique and we may

conclude U = U. Using Minkowski’s Inequality for integrals we can see how the L2
decay of v relates to the L? norm of U:

HUQHAMMWMbSAmwwWﬂt

In summary, if ||Jv(t)|2 < C(1+¢)~# with 3 > 1 we can expect U € L2.
Through a standard Fourier splitting argument we can only hope

[v]l2 < C(1+t)~3/4

where the hold up for faster decay is the initial data. To get around this problem
we will measure the difference

w=v—® where ®&=¢e">tf

Here @ is the solution to the heat equation with initial data f. The function w
satisfies a parabolic equation with zero initial data and a forcing term which we
can control by restricting f:

(2.7) wy+U-Vwo+Vp=vAw-U-Vo
V-w=0 w(0)=0
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We can expect ||w(t)||2 to decay as (1 +t)~%/* and if the heat flow corresponding
to f decays at least as fast we can say the same about v, to make other parts of the
argument work we need ® to decay faster. It is well known that the energy decay
of the heat flow corresponding to f is intimately related to the behavior of f near
the origin, therefore an assumption made on the decay of ® is really an assumption
on f near the origin. With this in mind make the following assumption on f:

Assumption 2.1. f € X and there exists a pg > 0 such that f(&) = 0 for every
€] < po.

Remark 2.2. This assumption is really a bandpass filter for f which eliminates low
frequencies. It is known that the corresponding heat energy decays exponentially,
a fact demonstrated in the following lemma. Strictly speaking, one can relax the
assumption on f so the heat energy decays at an algebraic (not exponential) rate
and use the same method outlined in this paper, such f will need to be behave like
a polynomial |£[? near the origin in Fourier space. See [1].

Lemma 2.3. If f satisfies Assumption 2.1 and ® = e*>tf, then

(2.8) 1@[13 < e~ f113
Proof: The proof is quickly checked using the bound
@] = eI /|
< e | f]

and computing the L2 norm with the aid of the Plancherel theorem.

3. L? BOUNDS FOR STATIONARY SOLUTIONS OF THE NSE

Throughout this section we will assume f satisfies Assumption 2.1 and therefore
@ = VAl f satisfies (2.8). We are focused on the study of solutions for the two
auxiliary PDEs:

(3.9) U -VUT 4 Vp =v AU + f
V.-UTt =0

and

(3.10) witt + U Vw4 Vp = vAw'™ — U VO

v . wi+1 — 0 wi+1(0) — 0

When dealing with either PDE we take the function U’ € H]} fixed before hand.
These PDE’s will be used recursively to find approximate solutions for (1.2) and
(2.7) respectively. In subsection 3.1 we recall existence theorems for these equations
and Subsection 3.2 contains the decay rate calculations for w*'. In Subsection 3.3
we make precise the notion U? = Ooo v¥(t) dt which is then combined with decay
calculations in Subsection 3.4 to find uniform bounds on U? and show it is a Cauchy

sequence in H! whose limit is a solution of (1.2).
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3.1. Existence Theorems.

Theorem 3.1. Let U' € H! and f € X. There exists a unique weak solution U'T*
to the PDE (3.9) in the sense that for any ¢ € V,

(3.11) <U VUM ¢ > +v < VUL Vo >=< f,¢ >
Moreover, this solution satisfies
(3.12) VUM < w2l 1%

Proof: We only outline the proof as similar PDEs are solved in the literature, see
[5], [8], [11], [16], [19], [20], and [34]. A typical approach is to construct Galerkin ap-
proximations {U:"1}, ey by projecting the PDE onto finite dimensional subspaces
of Hl. A uniform bound similar to (3.12) can be proved for each Galerkin ap-
proximation using an argument similar to that following (2.4). Once this bound is
established it is possible to use the Banach-Alaoglu Theorem to find a subsequence
{UH1}, enen that converges weakly in H L. The weak convergence is enough to
pass to a limit in the linear terms. To pass through the nonlinear term one uses a
stronger compactness theorem in the support of the test function ¢.

O

Theorem 3.2. Let U’ € H! satisfy
(3.13) IVU 2 <v I flIx

and f satisfy Assumption 2.1 with ® = eVt f. There exists a unique weak solution
wtl € L®(R* L2) N L*(R*, H}) to the PDE (3.10) in the sense that for any
¢ € CH R, V),

(3.14) <wjt o>+ <U - V' ¢>=—v<Vut Vo> <U -V, ¢ >
V-owtt =0 wt(0)=0

Moreover, this solution satisfies

. o ) _1
(3.15) sup [[w™ (t)][3 + V/ [Vw™*(s)[5ds < Cpy 2v™ | fll%
t 0
Proof: The PDE in question is closely related to the Navier-Stokes equation and
we refer to the literature for similar arguments, see [4], [5], [15], [16], [21], and [34].
It is typical to construct a sequence of Galerkin approximations which satisfies a
uniform estimate similar to (3.15) then use compactness arguments to pass through
the limit. We give now a formal proof of (3.15) which can be used as an a priori
estimate in this approach.
Multiply (2.7) by w®*! and integrate by parts, then use the bilinear relation (2.5)
to find
Ld, 10 i+1)2 i i+1
iaﬂw I3 +v||Vw'™ 3 =< U" - Vu',d >
= U [l6l Voo™ |2]| @I

C v i
< U EI®)E + 2 vut3
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The last line was obtained using Holder’s inequality then Cauchy’s inequality.
Putting this together with the Gagliardo-Nirenberg-Sobolev inequality and the as-
sumed bound on [|[VU?||5 yields

d, , i C
(3.16) e HE + v Ve S < SN2

Using Lemma 2.3, the bound (2.8) implies

/t [®(s)[I3 ds < | £13 /t e 2vPos (g < IF 1%
v ’ B * 0 - 2l/p0

Together with the Gagliardo-Nirenberg-Sobolev inequality and the heat property
2v [T IV®(s)3ds < || f[|3 we estimate

/ |0(s)[2 ds < / 18(5) 12 [ TB(s) |2 ds
0 0

([ ||¢><s>|§ds)% (f ||vq><s>||§ds);

(3.17) < Cpy *vIfII%

Integrating (3.16) in time then applying (3.17) finishes the proof.
O

Remark 3.3. In the theorems above the assumption U’ € H} is enough to ensure
Ut- VU™ € (HY) and U* - Vw'™ € (H})" a.e. That is
| <U VU™, ¢>|<C|Vel; and |[<U"-Vu'*' ¢>|<C|Ve|3

Therefore we are justified in multiplying the PDEs by U*! and wi*! respectively
and integrating in space. Indeed, one just chooses a sequence of test functions ap-
proximating either U1 or w'*! and passes the limit through the weak formulation
(3.12) or (3.14), this will be a common technique in the remainder of the work. In
both cases a stronger existence theorem is true but outside the scope of this paper.

3.2. Decay of w. This subsection contains energy decay calculations for w, the
estimates are an application of the Fourier Splitting Method with bootstrapping.
The first step in the procedure is to apply the Fourier splitting method using the
bound (3.15) to find a preliminary decay rate. Once established, this preliminary
rate is used to deduce a faster decay rate. This procedure is repeated until the
recursion does not lower the rate again, in this case the hold up will be from
estimates on the nonlinear term. The sequence of lemmas leading to Theorem 3.7
set up the bootstrap situation which is the main part of the proof for the theorem,
establishing (3.21) is the main goal of this subsection. The calculations are formal
but can be made rigorous by applying them to a sequence of approximating solutions
to (2.7) (see [31]) or working directly with the weak formulation (see Remark 3.3).
We begin with an estimate for |@].

Lemma 3.4. Let w'™! be the solution of (3.10) given by Theorem 3.2 with U® and
f satisfying the assumptions of the theorem. Then,

t
(318) [t < LU ( / ||w1+1(5)||2d8+V‘1p01||fllx)
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Proof: Through the Fourier transform of (3.10), noting the initial data is zero,
we write

t —_— —_—
B+ = —/ eV E=9) (¢ TiegitL 4 6+ € - T0d)(s) ds
0

Young’s inequality with the Plancherel theorem bounds
Utw 1] + U] < |0 [|2([|w™ |2 + | @]]2)

Taking the divergence of (2.7), then the Fourier transform, one can bound [p| <
C(|Utw™ 1] 4+ |U®[). All together,

t
" < CIEIHUzllz/0 ([ 2 + [[@[l2)(s) ds

t
< Clellvs ( / w1 (s) |2 ds + Palvlllfllx>

The last line uses (2.8) to evaluate the integral in time. This completes the proof.
O

Lemma 3.5. Let w't! be the solution of (3.10) given by Theorem 3.2 with U* and
f satisfying the assumptions of the theorem. Then, for any m > 4, wit! satisfies

the differential inequality
d ,
S 3)
2

t
(3.19) < C(m, po, VU3 + )™= </O [w'™(s) ]2 ds + ||f||x>
+ v fIE N RIE (1 + )™

Remark 3.6. In the statement of the lemma, the constant C(m, pg, i) tends to oo
as pg — 0 or v — 0 and tends toward 0 as v — oc.

Proof: Multiply (3.10) by w'*!, after integration by parts then application of
the bilinear relation (2.5) and the assumed bound (3.13) we write

1d

2 =
(3:20) 2dt

w3 + v|| V'™ Z =< U* - V'™ & >
< U6l Vw2l glls
C v ;
< SRRl + LIus

Now we split the viscous term in Fourier Space around the ball B(R) using the
Plancherel theorem:

Vet < v [ et g
B(R)©
< —VRQ/ | T2 de

< —vR?|[0"3 +I/R2/ "% dg
B(R)
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Combining this with (3.20):

d. . A " _
Sl IS + VR w3 Ssz/ [0 d + Cv P FIX N3
B(R)

Then using (3.18) we bound

/ |wi+1|2 d€
B(R)

<Clu'l; (/O |wi+1(8)||2d8+f1061|f||x> (/B(R) |£2d§>

t
scmvwz(ém“lwth+u%awﬂu)R5

So,

d

Sl 4+ R

2

t
SCMRWUWﬁl+v‘%EW2(AIw”Wﬂmds+Wﬂx)

+Cv P I (113

In the preceding inequality we choose R* = (1 + ¢)~! then use (1 + ¢)™ as an
integrating factor to establish the lemma. Examining the line above one can see
the constant in the statement of the lemma behaves like (1 + py 'v )27/, this
is Remark 3.6.

(]

Theorem 3.7. Let w't! be the solution of (2.7) given by Theorem 3.2 with Ut and
f satisfying the assumptions of the theorem. Then, w't! satisfies the decay bound

(3.21) o™ (T3 < Clpo, ) (1 + U3+ IF IR IS5 (1 4+ T)~

Remark 3.8. The exponent of (1 + T) is such that ||w'"!||3 is integrable over all
time. The constant C(pg, V) in the statement tends to co as pg — 0 or v — 0. It
tends to 0 as v — oo (see Remark 3.6).

Proof: Combining the bound on ||w!|s given by (3.15) with (3.19) we write

& (0™ [0 ) < Clompo, )T B+ 0™ F (RIS + 17150)
+ COISIXIRIEL+ )
< Cm, po, ) (14 IU7IR) (4 LIRS (1 6)
+ COISIXIRIE+ )
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The next step is to integrate in time, the first term on the RHS can be integrated
directly while the second term is estimated similar to (3.17):

cw)IfII% / le@)20 + 0™
T
W)k / 19(8) o[V (2) (1 + )™ dt

T T
Cw)lIfI% (/ <1+t>m||<1><t>||§ds> (/ ||v<1><t>||§dt>

< C(po, VIl flI%

This gives an initial decay bound
i i _1
(3.22) [w™ (D)3 < C(m, po,v)(L+ U)X+ I FIFON I (L +T) =

Now we begin the bootstrapping procedure. Proceeding in a nearly identical
way to the argument immediately above, use (3.19) with (3.22) instead of (3.15),
then integrate in time:

lw 1 (D)3 < Cm, po, )X+ U132+ IR (A +T) 7

This process can be repeated indefinitely but the “best” decay rate will be obtained
after six iterations; here “best” is meant in the sense of best decay rate obtainable
from (3.19). That this is in fact the best decay rate can be seen by examining the
term fot w1 (s)||2 ds in (3.19), once we have established ||w!™t|y < C(1+4¢t)~* for
i > 1 this term integrates to a constant and we obtain the “best decay rate.” As
the bootstrapping steps are nearly identical to the above arguments and tedious to
write out we skip to the final step:

[w™(T) |12 < Clm, po, v) (1 + [UL3)CQ + | FIROI % (L +T)~ 3

1 1
2 2

O

Remark 3.9. In the above proof we relies on the exponential decay of ® which
follows from Assumption 2.1. This can be relaxed to f ~ |£|F near the origin for a
large k.

3.3. Relation between U’ and w’. In this subsection we make precise, for our
approximate solutions, the formal notion U? = fo t)dt. We show approxima-
tions of the integral [;* v(t) dt are bounded umformly in L2 and are Cauchy with a
limit which is a solution of (3 1). Once this is established we apply the decay results
from the previous subsection to find a uniform bound in L? for U?. Throughout
this subsection we use ® = et f.

Lemma 3.10. Let w'™! be the solution of (2.7) given by Theorem 3.2 with U* and
[ satisfying the assumptions of the theorem. The function vl = w4+ & satisfies
JoS vt (t)dt € L2.

Proof: For each fixed i define the sequence {V,iT1}, cy C L2 by

n
vitt =/ viTL(t) dt
0
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Since v'T1(t) € L2 a.e. the sequence {V,"1} is well defined. Relying on Minkowski’s
inequality for integrals with Assumption 2.1 (through (2.8)) and (3.21) the following
bound shows how the sequence {V,i*!} is bounded uniformly (for n) in L2:

n
HW“MSAIW“@Mﬁ

S/Hw“wmﬁ+/l@®hﬁ
0 0

< Clpo, v)(1+ U 31+ [L£1%)2 1 £l x

Similarly,
n+1

(323) VA= Vi< [ o
Observing (3.21) and the decay of ® implied by Assumption 2.1 we know the integral
Jo~ itz dt is finite so the RHS of (3.23) tends to zero as n — oo. Following well
known arguments to prove a contraction lemma we can quickly deduce {V,{*1}, cn
is Cauchy in L2 and has a limit which we label [ v"(t) dt.

O

Remark 3.11. The above lemma also implies [~ v**!(t) dt is finite a.e. in R3,

Lemma 3.12. Let w'™ be the solution of (2.7) given by Theorem 3.2 with U* and
f satisfying the assumptions of the theorem. The function v'Tt = w1 +® satisfies
S v @) dt =Utt

Proof: To prove this lemma we show [~ v""!(t)dt is a weak solution for (3.9)
then use the uniqueness implied by Theorem 3.1 to conclude the desired result. Let
{V;i+1},.en be as in the previous proof.

In (3.14) choose ¢ to be any member of V (so that it is constant in time). Use
the relation v*t! = w'™! + ® then integrate in time:

/ (;t <V Ht), ¢ >+ < U Vo'tl(t), ¢ >> dt

0

(3.24) = —y/ < Vu'tH(t), Vo > dt
0

After changing the order of integration and evaluating the first integral this becomes
<0 (n), o>+ <U-VVT L p>= v <VVITL Vo> + < f o>

Observe the first term on the LHS tends to zero as n — oo. This follows from
the decay bound (3.21) which implies w'*! tends to zero on compact sets and
a similar well known property for the heat equation. The strong convergence of
{V;i7+1} in L? is enough to pass the limit through the remaining terms. Indeed, if
vl = [P0 (t) dt is this limit,

| <U- VYV = VY, 0> | < CIIVU oIVt = VI Vel
As n — oo this tends to zero for each test function ¢ € V, hence Vit! is a weak

solution of (3.9). The uniqueness implied by Theorem 3.1 finishes the proof of the
lemma.

O
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Lemma 3.13. Let U™ be the solution of (1.2) given by Theorem 3.1 with U and
f satisfying the assumptions of the theorem. Then the function U'T! satisfies

(3.25) [T < Clpo, v) (1 + U115 (1 + I £15)IFIIX

Remark 3.14. The constant C(pg,v) in the above theorem tends to co as pg — 0
or v — 0. It tends to 0 as ¥ — oo (see proof of Lemma 3.5).

Proof: Define v*+! = wit! 4 ®. Just as in the proof of Lemma 3.10 combine
Minkowski’s inequality for integral with (2.8) and (3.21), but this time use the
relation from Lemma 3.12.

HU”w2s1;m”%mum

n n
< [t der [ le@)d
0 0

< Clpo, )1+ U3+ L1302 11 £l x
[}

3.4. Convergence of U’. The goal of this subsection is to find the limit of the
approximating sequence U? and show this is a solution of the steady state Navier-
Stokes equation. Later in the subsection we make two assumptions on f, they are
smallness assumptions and allow a contraction argument to show U is Cauchy. The
assumptions will depend on how big we will allow the L2 norm of U and throttle
|VU||2 so that a product of the L2 and H} norms of U is small. We will label this
maximum value of the L? norm M (our choice) and keep it fixed throughout the
remainder of this section.

Lemma 3.15. Let Ut be the solution of (1.2) given by Theorem 3.1 with U' and
[ satisfying the assumptions of the theorem. There exists a constant C(pg,v, M)
so that if || fllx < C(po,v, M) and ||Ut||a < M then ||UTY|y < M.

Remark 3.16. For fixed pg and v the constant C'(pg, v, M) in the above lemma tends
to0as M — oo or M — 0. For fixed M the constant tends to 0 as pg — 0 or
v — 0 and tends to co as v — oo.

Proof: By setting the RHS of (3.25) equal to M? and considering Z = ||f||% as
a variable the proof is reduced to finding roots of the polynomial
M2
C(p0> V)(l + M2)6
Here, C(po,v) is exactly as in (3.25). Since L > 0 This polynomial always has a

strictly positive root, in this case the root is exactly the constant in the statement
of the lemma. Indeed,

-1+
ﬂ < VL = M

2 Cpo,v)(1 + M?)3
Remark 3.16 follows by examining the RHS of (3.26).

72+ 7 =1L1=

(3.26)

O

Theorem 3.17. Let M > 0 and f satisfy Assumption 2.1. There exists a constant
C(po,v, M) such that if || f||x < C(po,v, M) the following hold:
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(i) The PDE (1.2) has a weak solution U € H} (in the sense of (1.3)).
(ii) This solution satisfies || U2 < M in addition to (2.4)
(iii) This solution is unique among all solutions which satisfy (2.4) and have a
finite L2 norm.

Remark 3.18. For fixed po and v the constant C'(po, v, M) in the above lemma tends
to 0 as M — oo or M — 0. For fixed M the constant tends to 0 as pg — 0 or
v — 0 and tends to co as v — co. The behavior of the constant as M — oo with
the bound (2.4) implies ||U]|2||[VU]|2 < C(v). In the time dependent Navier-Stokes
system it is well known that when this product of norms is small for initial data
the solution will remain smooth and well behaved, this result fits into that regime.

Proof: Choose U? € H! so that |[U°]x < M and |VU°|3 < v72|f||%. To
construct such a function one could fix f then take a solution U for (1.2). At this
point the solution is not known to be unique or have finite L2 norm but by using
a suitable cut-off function in Fourier space (U = y * U where y is equal to zero
inside a ball containing the origin and one elsewhere) it is possible to limit the L2
norm while not increasing the H L norm.

Starting with U°, solve (3.9) recursively using Theorem 3.1 to find a sequence
{U"}%2, which satisfies |VU"||2 < v72| f||%. Lemma 3.15 proviedes the uniform
bound ||U?||2 < M and so its limit, if it exists, must also satisfy this bound. We
will now show this sequence is Cauchy in H L and a limit does indeed exist. The
difference Y+ = U+l — U? solves

UL VYT 4 Y. VU 4+ Vp = vAY !

After multiplying this by YT, integrating by parts and using the bilinear relation
(2.5) one can deduce

v[|[VY 2 =< Y. VYT U >
Y lls VY I l|U 13

IN

IN

1 i v i
CIVYBIU LT + 59V 3

The above sequence relies on Hoélder’s inequality, Cauchy’s inequality, and the
Gagliardo-Nirenberg-Sobolev inequality. It implies

VY™ < Co=2||U° ||| VU2V Y713
(3.27) < OvM||fllx VY3

Note the multiplication by Y1 is justified since all U® (and hence all Y?) are
bounded in H!. Using this bound recursively one finds

VY12 < (Cv= M| £l x) VY12

< (Cv°M||fllx)" 202l fII%
The last step relies the uniform bound on [|[VU ||z < v72|f|%. If [|fllx < c%f
where C is the same as the line immediately above then Y tends to zero in H!
which implies U’ is Cauchy, call its limit U. Through this construction we can also
be sure ||U||; < M. Using standards arguments this strong convergence is enough
to pass the limit through (3.9) and show U is a solution of (1.2). For completeness
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we will demonstrate how to pass through the nonlinear term:

| <U-VU,p>— < U VU ¢p>|<T+1II

I=|<U-V(U-U*Y, 6> |
II=|<U-UY)-VUT ¢ > |
To show I — 0 use Hélder’s inequality:

I<||U3IV(T = U )]l2ll9ll6

Since the L? norm of U and the L% norm of ¢ are bounded, the strong convergence
Ul — U in H& shows the RHS tends to zero. The term I is handled in a nearly
identical way.

It remains to establish that U is the unique solution of (1.2) among all solutions
which satisfy (2.4) and have finite L? norm. Let U be any other solution which
satisfies (2.4) and has a finite L2 norm. The difference Y = U — U solves

(3.28) U-VY +Y VU + Vp =vAY

U and U are bounded in L? and H ! we are allowed to multiply this equation by
Y. Then, proceeding in the same way as the lines leading to (3.27),

VY5 < Cv > MIIfllx VY3

The assumption on f made earlier in this proof is enough to guarantee ||f||x <
v3/CM and implies the solution is unique.
(I

Remark 3.19. This is exactly Theorem 1.1. Examining (3.28) it seems Y € H!
might be enough to obtain uniqueness as the first term on the LHS would formally
integrate to zero after multiplying by Y. Unfortunately, following techniques used
in this paper, we are not able to multiply (3.28) by Y unless we know also Y € L3.
Indeed, using Holder’s inequality and the Gagliardo-Nirenberg-Sobolev inequality
one can see U - VY € (H:NL3) < (HL)Y, but not U - VY € (HLY.

The uniqueness in this theorem, with the exact same proof, could instead be
stated “This solution is unique among all solutions which satisfy (2.4) and have a
finite L? norm” and using some other technique it may be possible to expand this
uniqueness theorem further.

4. STABILITY OF SOLUTIONS

An important property of steady state solutions for physical problems is stability:
“If a steady state solution is perturbed will it return to the same solution?” In the
setting of the Navier-Stokes equation we investigate the stability of a solution U
for (1.2) by considering a perturbation wy and examining the long term behavior of
the solution of the Navier-Stokes equation (1.1) with initial data w(0) = U +wq. In
particular, one would like to know what conditions on wg will guarantee solutions
of (1.1) approach U as time becomes large. An equivalent problem, found by
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subtracting (1.2) from the (1.1), is to determine when solutions of the following
PDE tend to 0:

(4.29) wy+u-Vw+w- VU +Vp=vAw
V-w=0 w(0)=uw

A through examination of stability for the steady state Navier-Stokes equation is
currently outside the reach of modern techniques (even in bounded domains) but
using energy techniques we can prove strong stability results for perturbations of
finite energy under certain restraints on f. Following the literature we introduce
the following notion of stability, commonly called nonlinear stability, and find con-
ditions on f which guarantee this type of stability.

Definition 4.1. We say a solution U € H} of (1.2) corresponding to f € X and
given by Theorem 1.1 is nonlinearly stable if it satisfies the following: if wg € L2 is
a perturbation and wu is the solution of the Navier-Stokes equation (1.1) with initial
data wg + U which satisfies, for any T > 0,
we L=(0,T; L) N L*(0,T; H}
then
(i) For every € > 0 there is a § > 0 such that

|lwoll2 <6 implies sup ||u(t) —Ulla <e
teR+

(ii) u(t) tends to U as time becomes large, that is
tlim lu(t) = Ull2 =0

To start we can multiply (4.29) by w, then integrate by parts and use the bilinear
relation (2.5) to find a formal energy inequality

1d
5 g lwl3 +vIVell = - <w-VU,w >
< JlwllsUls[[Vall2
1 1
< CIUl3 VU3 Vw3

The last two lines above were obtained with a combination of Hélder’s inequality,
Cauchy’s inequality, and the Gagliardo-Nirenberg-Sobolev inequality. If f is chosen
so that U is small in H! norm (C’||U||;/2||VU||§/2 < v/2) the above inequality
becomes

d
(4.30) —lwls +vIIVelz <o

This differential inequality implies ||w||3 is bounded uniformly. As U € L2 we can
say the same about © = w4+ U. In other words, if one considers a solution U given
by Theorem 1.1 then any finite energy perturbation will stay close to U, this is
condition (i) in Definition 4.1. The rest of this section will be spent proving the
stronger statement, that all finite energy perturbations return to U.
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4.1. Existence Theorems. Here we state the existence theorems and properties
of the two PDEs examined in this section. Proofs of these theorems can be found
in literature and are omitted.

Theorem 4.2. Given T > 0, initial data ug € L%, and a forcing function f € Hj_
the PDE (1.1) has a weak solution

(4.31) u € L=([0,T]; L3) N L*([0, T); H,)
in the whole space R® which satisfies, for any ¢ € V,
<uU, ¢ >+v < Vu,Vo >+ <u-Vu,p >=< f, ¢ >

Proof: See [4], [5], [15], [16], [21], and [34].
O

Theorem 4.3. Let u satisfy (4.31) and U € HL. There is a constant C(v) such
that if ||U||gx < C(v) the PDE (4.29) has a unique weak solution

we L=®(RY, L2) N L3(RY, H})
satisfying, for any ¢ € V,
<wg, ¢ >+ < Vw, Vo >+ <u-Vw, o>+ <w- -VU,¢ >=< f, ¢ >

as well as the following energy inequalities:
d 2 2
(132 Elhwl + vVl <0

oo
(4.33) sup IIw(t)H§+v/ Vw3 < [lw(0)]3
teRT 0

Proof: The proof of this theorem is similar to the one immediately preceding
with exception of the a priori bounds which are argued formally preceding (4.30).
The linearity of the equation implies uniqueness (which is not known for general
solutions of (1.1)).

O

4.2. Decay of w. In this subsection we prove a decay property for solutions w given
by Theorem 4.3. We show ||w|2 — 0 using a method developed for the Navier-
Stokes equation in [25]. The method relies on generalized energy inequalities for
the solutions which allow the energy to be decomposed in high and low frequencies.
These are estimated independently and shown to approach zero.

Lemma 4.4. Let u and U satisfy the assumptions of Theorem 4.8 with ||U| g1 less
then the given constant. Let ¢ = e~ 1€°, o = 1 — ¢ and E(t) € C'(]0,00); L>).
The solution given by Theorem 4.3 satisfies the following two generalized energy
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inequalities:

16 % w(t)[3 < e w(s)|l3

t
+2/ | <u-Vw, e g xdxw > |dr

(4.34) —|—2/t| <w- VU, 22N d s gxw > |dr
E@wo (0l < ) [l
~w [ BElgvomlidr+ [ E@womldr

t
(4.35) + 2/ E(7T)| <w-VU,¢*b > | dr

t
+2/ E(1)| <u-Vw, (1 —¢*)w > |dr
Proof: We give a formal proof here which can be made precise by considering
an approximating sequence, see [25] for details.
To see the first inequality multiply the PDE (4.29) by e2*2(+9)¢ x ¢ x w and

integrate from s to . The assumptions are enough to ensure all integrals are finite
and this multiplication makes sense. After integration by parts:

t
65wl < 20 d s w()E —v [ IV(EA05) cwl dr
S
t
+/ < 37(6”““7)4{5) s w, e’ b w > dr
S . ) )
+2/ | <u-Vuw, e dx dxw > | dr
S . ] )
+2/ | <w-VU, e s dxw > | dr

e?2+5) ¢ describes a heat flow so the second and third terms on the RHS add to
zero, this proves (4.34). For the second inequality, take the Fourier Transform of
(4.29) then multiply by 121w. After integration by parts one finds

t
EOwo)]} < E@)vos)3 -2 [ B@levawlEdr
t ° t -
+ [ E@wo@iBdr+2 [ B <o VU0 > |dr
. s
+2/ E(r)| < u-Vuw,¥*h > | dr

The bilinear relation (2.5) and the Plancherel theorem imply < u/-V\w,'LD >=0
and (4.35) follows immediately.
O

Theorem 4.5. Let u and U satisfy the assumptions of Theorem 4.3 with ||U|| g1
less then the given constant and sup, ||u|l2 < co. The energy of the solution given
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by Theorem 4.3 decays to zero. That is,
(1.36) iy (t) |2 =0

Proof: Following [25] we bound first the low frequencies using (4.34) and then
the high frequencies using (4.35) and the Fourier Splitting Method.

To show the low frequencies tend to zero we start by estimating the integrals on
the RHS of (4.34):

21/A(t7‘r)qu 2UA(t—T)

xprw>|=|<o*xd*ru-w,e
<16 % ¢ u-wll2| Vel
< Ollullz|[ Vw3

| <u-Vw,e Vw > |

This estimate was obtained using integration by parts, the Cauchy-Schwartz in-
equality, Young’s inequality, and the Gagliardo-Nirenberg-Sobolev inequality. Sim-
ilarly,

| <w- VU200 % dxw > | < C|U|2| Vel

Combining these two bounds with (4.34) yields:
6w < 125w wis) 13+ C (s o3+ 1013) [ 1wigar
Heat energy is known to approach zero as time becomes large so
s 6 w03 < € (sup [t +1018) [ IVular
The LHS is independent of s, noting the energy bound (4.33) we see the RHS tends
to zero as s — 00. Using the Plancherel theorem we conclude

(4.37) Jim [[g()]|3 = lim [[é*w(®)||3 =0
—00 t—oo

We begin work with the high frequencies on a similar path, bounding the integrals
on the RHS of (4.35). Note 1) = 1 — e~ €I € L, then
|<w VU2 > |=| <& w- U, > |
< lw - Ull2[[§d]2
< Cllwlle]|Uls | Vawl|2
< CO|lU]|s|Vwll3
This chain of inequalities used the Cauchy-Schwartz inequality, the Plancherel the-
orem, Holder’s inequality, and the Gagliardo-Nirenberg-Sobolev inequality. Simi-
larly, but this time making use of the rapid decay properties of 1 — 92,
| <uVw,(1—¢*)w > | <|[(1—¢?)uwll2]|€d]l2
< Ol =) [lossllull2llwll6l| V]2
< Cllull2[|Vwli3
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Use these two bounds with (4.35) to find

E(s)

o)l < Zor vl IE
- [ Glevoiar+ [ T waar
(4.38) +0 (s lutnig+1018) [ 5

Now split the viscous term and the term with E’ around the ball with radius
p(r) >0, B(p )'

a(r E(T)
o [ 2 iepacizar+ [ 2o
1

— t "(1) — 2vE (1) p(1)? — $)w|? T
SE@/S(EU W) [ 10— ol ded
L E'(r) 2
+/s 0 /B(p)(l—qﬁ)w| d dr
Upon choosing E(7) = (1 +t)* and p? = a/2v(1 +t) (o > 3), (4.38) becomes

10— a3 < E”S) 10— 9)a(s)I2

a(l+7)et / .12
+/ —_— [(1 — @)w|” dE dr
s (I+t) Sy
¢
+C (Sup lu(r)l3 + ||U|§)/ IVwl]3 dr
TERT s
Note |1 — ¢| < |€|? if |¢] < 1, so for large values of s,

[ =P de <o n) )iz
B(p)

This implies, again for large s,

. o t a—
/ O‘(IJFT)I/ (1 - ¢)w[*d¢dr < C sup IIw(T)||§/ %‘”
] B(p) ’

1+0)e 1+0)
(4.39) <O swp ()30 +1)7

Taking into account the energy bound (4.33), this tends to zero as ¢t becomes large.
For any large s we are now justified in writing

imsup (1~ )01 < € (s I+ [01) [ IVular
— 00 TE s

Again relying on (4.33) then letting s — oo we find
Jim [[(1 - @)i(®)[3 =0

Using this limit in the triangle inequality with the low frequency limit (4.37) com-
pletes the proof.
([
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Theorem 4.6. Let f satisfy the assumptions of Theorem 1.1 and be such that || f|| x
is less then the constant given by the theorem and ||U|| g1 is less then the constant
given by Theorem 4.3. The solution U of (1.2) is nonlinearly stable in the sense of
Definition 4.1.

Proof: Let u be given by Theorem 4.2, the difference v = u — U solves (4.29)
and u, U, f meet the criteria of Theorem 4.5. This proves (ii) in Definition 4.1.
Integrating (4.32) in time proves (i) in Definition 4.1.
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