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Stability and Instability. The concepts of stability, asymptotic stabilily, and instability
have already been mentioned several times in this book. It is now time to give a
precise mathematical definition of these concepts, at least for autonomous systems
of the form

X = £(x). _ ()

In the following definitions, and elsewhere, we use the notation ||x| to designate the
fength, or magnitude, of the vector x.

The points, if any, where £(x) = 0 are called crifical points of the autonomous
system (5). At such points X’ == 0 also, so critical points correspond to constant, or
equilibrium, solutions of the system of differential equations. A critical point x° of
the system (5) is said to be stable if, given any ¢ > 0, there is a § > 0 such that every
solution x = ¢(¢) of the system (1), which at ¢ = 0 satisfies

(@ —x°|l <4, (6)
exists for all positive  and satisfies
@) —xf <e ()

for all ¢ > 0. This is illustrated geometrically in Figures 9.2.1a and 9.2.1b. These
mathematical statements say that all solutions that start “sufﬁciently close” (that is,
_within the distance §) to x° stay “close” (within the distance ¢) to x. Note that in
Figure 9.2.1a the trajectory is within the circle |Ix — xY|| = § at ¢ = 0 and, although ;
it soon passes oufside of this circle, it remains within the circle [|x —x")| = ¢ for all :

t > 0. However, the frajectory of the solution does not have to approach the critical
point x” as ¢ — oo, as illustrated in Figure 9.2.15. A critical point that is not stable is
said to be unstable. ‘ -

(a) B
FIGURE 9.2.1 (a) Asymptotic stability. (b) Stability.

A critical point xU is said to be asymptotically stable if it is stable and if there exists
a 8§ {8y > 0) such that if a solution x —-@(z) satisfies

1$(0) — x°l| < 5o, (8)
then

fim #0 = | ©



- Let V be defined on some domain D containing the origin. Then V is said to
be positive definite on D if V(0,0) = 0 and V(x,y) > 0 for all other points in 1.
Similarly, V is said to be negative definite on D if V(0,0) = 0and Vi, y) < Oforall
other pointsin D. I the inequalities > and < are replaced by > and <, then V is said io
be positive semidefinite and negative semidefinite, respectively. We emphasize that
when we speak of a positive definite (negative definite, ...) function on a domain D
containing the origin, the function must be zero at the origin in addition to satisfying
the proper inequality at all other points in D.




