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Here is formula that you might need

sin πz

π
= zΠ

(
1− z2

n2

)

1. Calculate

a.
∫∞
0

x−a

x+1
dx, 0 < a < 10

b.
∫ 2π
0

dθ
(1+a sin θ)

, −1 < a < 1.

2.a.Let g be analytic on a domain containing the simple closed curve γ. Then

1

2πi

∫
γ

h′(z)

h(z)
g(z)dz =

N∑
i=1

g(zi)−
M∑
j=1

g(wj),

where z − 1, ....zN are the zeros h and w1, ...wM are the poles of h inside γ
listed with multiplicities.
b. Let f be analytic and one-one in a domain D. let γ be a piecewice smooth
simple closed curve inD, inside γ lies in D. Let Ω = f(D). Let w be a point
of |Omega and lies inside the curve Γ = f ◦ γ. Show that

f−1(w) =
1

2πi

∫
γ

zf ′(z)

f(w)− w
dz

is the RHS analytic?

1



3. Suppose f is analytic in the unit disc ID (f : ID → ID), and |f(z)| < |z|.
If there exists two points a, and b ∈ ID such that f(a) = a and f(b) = b,
then f(z) = z.

4. Construct conformal maps that map

a. First quadrant ( {z : z = x+ iy, x > 0, y > 0} into the unit disc.

b. The upper half disc into the first quadrant.

5. Let F be a fractional linear transformation which fixes 3 points. Show
that F is the identity.

6.

7. a. Let 0 < |a| < 1 and |z| ≤ r < 1; show that∣∣∣∣∣ a+ |a|z
(1− āz)a

∣∣∣∣∣ ≤ 1 + r

1− r
.

b. Let {an} be a sequence of complex numbers with
0 < |an| < 1 and

∑
(1− |an|) <∞. Show that the infinite product

B(z) = Π∞n=1

|an|
an

(
an − z
1− ānz

)
converges for |z| ≤ r < 1 and that B(z) ≤ 1. What are the zeros of B

8. Show that

Π∞n=2

(
1− z2

n2

)
=

1

2

2


