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Abstract. Based on the construction of Bourgain and Pavlovié¢ [1] we
show that the solutions to the Cauchy problem for the three-dimensional
incompressible magneto-hydrodynamics (MHD) system can develop dif-
ferent types of norm inflations in Bz, In particular the magnetic
field can develop norm inflation in a short time even when the veloc-
ity remains small and vice versa. Efforts are made to present a very
expository development of the ingenious construction of Bourgain and
Pavlovié¢ in [1].

1. INTRODUCTION

In this paper we consider the three-dimensional incompressible magneto-
hydro-dynamics (MHD) system:

ur—Au+u-Vu—>b-Vb+ Vp =0,
by —Ab+u-Vb—b-Vu=0, (1.1)
V-u=0, V:-b=0,

with the initial conditions
u(z,0) = ug(x), b(x,0)=by(z), (1.2)

where € R3, t > 0, u is the fluid velocity, b is the magnetic field. The
initial data ug and by are divergence free. When the magnetic field b(z,t)
vanishes, the incompressible MHD system is reduced to the incompressible
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Navier-Stokes equations. The solutions to the MHD system share the same
scaling properties of solutions to the Navier-Stokes equations; that is,

uy(z,t) = Mu(Az, \2t), by(z,t) = \b(Az, A\%t), pa(x,t) = N2p(Ax, A1)
solves the MHD system (1.1) with initial data
U\ = )\uo()\m), bo)\ = Abo()\x),

if u(z,t) and b(z,t) solve the MHD system (1.1) with initial data ug(x) and
bo(x). The spaces that are invariant under the above scaling are called the
critical spaces. Examples of critical spaces in three dimension are

H2 — [* < BMO™' — B b

(see [2], for example, for the discussions of the embeddings).

The study of solutions to the Navier-Stokes equations as well as of the
MHD system in critical spaces has been one of the foci of research activities
since the pioneering work of Kato [5]. In case of the Navier-Stokes equations,
Koch and Tataru [6] in 2001 established global well posedness of the Navier-
Stokes equations with small initial data in the space BMO™!. Recently,
Bourgain and Pavlovi¢ [1] showed ill posedness for Navier-Stokes equations in
B3, More precisely, Bourgain and Pavlovié¢ constructed some arbitrarily
small initial data in B> and produced so-called norm inflation in the sense
that the solution becomes arbitrarily large in B3> after an arbitrarily short
time.

In a recent work [8], Miao, Yuan and Zhang established the existence of
a global mild solution in BMO~! for small initial data and the uniqueness
of such solutions in C([0,00); BMO™1). It is then an interesting problem to
study the solutions to the MHD system with initial data in the space B>,
In this paper, we discuss different cases of norm inflation phenomena for the
MHD system in Bx,">°. We construct arbitrarily small initial data (ug, by) in
B x B3b™. This data when evolved in time through the MHD system
give rise to “norm inflation” in B3"™ for the corresponding solutions (u, b).
One particularly interesting scenario is that the magnetic field b shows norm
inflation while the velocity uw remains small. Namely, we show the following.

Theorem 1.1. For any 6 > 0 there exists a solution (u,b,p) to the MHD
system (1.1) with data ug € S and by € S which satisfy

[u(0)[[ pzre S 6, [[B(0)[| gzt S 6,



NORM INFLATION FOR INCOMPRESSIBLE MAGNETO-HYDRODYNAMIC SYSTEM 3

such that for some 0 < T < §

1
IO et 2 &

but for any 0 <t <T < §
O

Remark 1.2. We refer the reader to the beginning of the section of prelim-
inaries for the definition of the symbol <.

Our proof follows the methods introduced by Bourgain and Pavlovié¢ in
[1]. Efforts are made to give a very expository development of the ingenious
ideas of Bourgain and Pavlovié¢ in [1].

We now recall some auxiliary concepts related to plane waves, which are
necessary in the sequel:

e The “diffusion” of a plane wave vsin(k - x) in R? is given by

At

e“tusin(k - x) = eIkt

vsin(k - x).
Thus the magnitude of the diffusion of a plane wave dies down in
time in the scale that is measured by the square of the magnitude of
the wave vector k.

o It is easy to see that u = b = e ¥ "ty sin(k-x) solves the MHD system
when the wave vector k is orthogonal to the amplitude vector v.

e The nonlinear interaction of two such diffusions in the MHD system
can be captured, and it only produces a slower diffusion if the two
wave vectors are close.

We note that these observations are the basis of the original argument of
Bourgain and Pavlovi¢ in [1]. We will use them to construct a combination of
such “diffusions” with minimum nonlinear interactions yet producing enough
slower “diffusions” to cause the norm inflation in short time.

Remark 1.3. It is interesting to observe that even though the initial velocity
is zero the velocity can be triggered to develop norm inflation while the
magnetic field stays under control. More precisely we can show that, for
any 0 > 0, there exists a solution (u,b,p) to the MHD system (1.1) with
vanishing initial velocity and some by € S which satisfies

16O jore S 6
and for some 0 < T < §
Ju(T) | oo 2 1/8,
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while for all 0 <t < T <4
Hb(t)HBgolﬁoo 5 J.
Remark 1.4. We also note that due to the interaction between the velocity

and the magnetic field, if initially they are the same, they may restrain each
other from norm inflations.

In our paper, we present our results in T3. But, as pointed out in [1], the
proof can be modified to R3.

2. PRELIMINARIES

2.1. Notation. We denote by A < B an estimate of the form A < C'B with
some constant C, and by A ~ B an estimate of the form Ch1B < A < (3B
with some constants C7, Cy. For completeness we recall the defining norms
for the Besov space B3 and the BMO™! space

£l ptoe = sup /(| fl oo (2.1)
t>0

1 R 3
1flsvos = sup (b / / 2 f )P dydt)?. (2.2)
BMo 20E€R3,R>0 (‘B(.CEQ, V R)’ 0 JB(z0,vVR) )

We will also work with the so-called inhomogeneous Besov space B3> with
the norm

1fll=re = sup V[l fl poe. (2.3)
o<t<1
Clearly,
HfHBgolvoo < ”fHBgolv‘” and HfHB;OLOO < | fllze=,
since [|e® fl| e < || f]|zee

2.2. The well-posedness result of the incompressible MHD system
in BMO~'. We recall the well-posedness result of C. Miao, B. Yuan and
B. Zhang in BMO~! in [8]. For this we introduce the spaces X7 and the
corresponding norm.

Definition 2.1. Let u(x,t) be a measurable function on R3 x [0, T') for T > 0
and let

G ) lxy = sup 2 ]ul, 1) (2.4)
0<t<T

1 R 3
+ sup / / lu(y,t)>dydt)”.
ToER3,0<R<T (|B($07 \/E)‘ 0 JB(z0,VR) )
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Then the space-time space X is defined by
Xr = {f(z,1) € L*(0,T; L*(R?)) : [| fllxy < 00}
It is worth mentioning that, for each t € (0,77,

176l < Il

In [8], Miao, Yuan and Zhang proved the following existence theorem.

Theorem 2.2. (Miao, Yuan, and Zhang) Let (ug(z),bo(z)) € BMO™!
BMO™" with V-ug = 0 and V-by = 0. Then, there exists a positive constant
e such that if || (uo, bo)|| Brpro-1 < €, then the MHD system has a unique global
mild solution (u(z,t),b(z,t)) € Xp x X satisfying

| (u(z,t),b(x, )| xpxxy < 26 for all T > 0.

2.3. Bilinear operators. Let P denote the projection on divergence-free
vector fields, which acts on a function ¢ as

P(¢) = ¢+ V- (=2 divg.
As shown in [6, 8] the bilinear operator
t
B(u,v) :/ AP (y - Vo) dr

0
maps X7 X X7 into X7 continuously. More precisely we have

1B(u, )|z S llullxr 0]l x- (2.5)

2.4. Rewriting the MHD system. Following ideas from [1] we rewrite
the MHD system (1.1) introducing the expression

uw=e"uy—up +y (2.6)
b=eby— by + 2, (2.7)

where
ui(z,t) = B(e®ug(x), e up(x)) — Ble tAbO( ), e2bo(2)), (2.8)

e
bi(@,t) = B(e"ug (@), €bo(x)) — B(ebo(x), ¢ ug (). (2.9)
An easy calculation shows that
—ANy+Go+G1+ Gy =0, (2.10)
—Az+ Ko+ K1+ Ky =0,
where

Go = ]P’[(etAuO . V)u1 + (u1 . V)etAuo + (u1 . V)ul]
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— P[(®by - V)by + (by - V)e! by + (b1 - V)b1]

P[(e'Pug - V)y + (w1 - V)y + (y - V)ePug + (y - V)ui]
—P[(e®by - V)2 + (b1 - V)z + (2 - V)el2by + (2 - V)by]
Pl(y - V)y] = P[(z- V)7]

and

ePug - V)by + (ug - V)elbg + (u1 - V)by]

P[(
— P[(e"®by - V)ug + (by - V)ePug + (b1 - V)uy]
P[(ePug - V)z 4 (u1 - V)z 4 (y - V)eSby + (y - V)bi]
—P[(e"bo - V)y + (b - V)y + (2 V)P ug + (2 - V)]
=P[(y-V)z] = Pl(z- V)yl.

Here Gy and Ky are constants and G; and K3 are linear, while GG and K
are quadratic in terms of y and z.

Remark 2.3. Note that although the second equation in the MHD system
(1.1) has no pressure, since u and b are both divergence free, the term w -
Vb — b - Vu is automatically divergence free. Hence the projector P acting
on this term does not change the second equation and hence we can write
by and the K;’s as described above.

3. INTERACTIONS OF PLANE WAVES

In this section we show how the diffusions of plane waves interact in MHD
system. These interactions are the basis for the constructions of initial data
which will evolve into the different cases of velocity and magnetic field norm
inflations .

3.1. Diffusion of a plane wave. As a first step, we consider the same
initial data for velocity and the magnetic field using one single plane wave.
Suppose k € R3, v € S? and k- v = 0. Let

ug = bp =vcos(k - x).
Then V - ug =0,V -byp =0, and

e®vcos(k - x) = eIkt cos(k - x). (3.1)

In fact the “diffusions” (e'*vcos(k - x), e vcos(k - z)) of a plane wave
solve the MHD system with vanishing pressure. It is important to notice
that
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1

HBO—Ol,oo |k B

e |[vcos(k - x) ~
o |levcos(k - z)|x, S ‘—}C‘,

which says that the size of a plane wave in the space Bo_ol’oo is reciprocal
to the magnitude of its wave vector, and in X7 it is bounded by this same
reciprocal.

3.2. Interaction of plane waves. Now we consider different plane wave
initial data for the velocity and magnetic field. Suppose k; € R3, v; € S?
and k; -v; =0, for i = 1,2. Let

ug = cos(ky - x)vy, by = cos(ka - x)va.
Using the decomposition given in Section 2.4,
u=ePuy, b=eby—b+ 2z,

solve the MHD system with vanishing pressure. To simplify our calculations
we assume that

kg‘vlzo, and ]{71-2)2:1

29
which eliminates the term e*®ug - V(e*2bg) and gives
by - V(ePug) = —e~ (PRt sin(ky - x) cos(ka - x) (k1 - v2)

— —LemUmPHRty, (sin((ky — ko) - 2) + sin((k1 + k2) - 7).

Hence
1 t ot 121 Koo 12 —
bl = 1’01 Sin((kl - kz) x)/o 6_(‘ 1% +k2| )T€—| 1—ka| (t_T)dT
t
+ 11}1 sin((k1 + k2) - x)/ e_(‘kl|2+‘k2|2)T€_|k1+/€2\2(t—7—)d7_
4 0
= bl,O + b1717
where
! _6_(|k1|2+|k2|2)t + e_‘kl—k2|2t
bio = ~visin((k1 — k2) -
1,0 41)1 sin((k; 2) - ) —
and

e~ (k1P +lka )t _ o—lk1+ko|?t

2k - ko

Therefore, if we can manage to control z in light of the continuity of the
bilinear operator B in X7, then the interaction of two plane waves is small
in Bo_ol’oO if neither the sum nor the difference of their wave vectors is small

1
bl,l = Zvl Sin((kl + k?g) . x)
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in magnitude. In the meantime, the interaction is sizable in B3 if either
the sum or the difference of their wave vectors is small in magnitude.

4. PROOF OF THEOREM 1.1

In this section we will follow the idea from [1] to construct initial data to
produce norm inflation for solutions to MHD systems. From the discussions
in the previous sections we know that the interaction of two plane waves is
not enough to show the norm inflation. We need to build interactions of more
plane waves. The construction in [1] depends on the rather sophisticated
choices of plane waves. We will use a similar scheme.

4.1. Construction of initial data for the MHD system. For a fixed
small number § > 0 we will specify later the following initial data:

Q T
= N7 kv cos(ky - 4.1
Up \/Fszlk |vs cos(ks - x) (4.1)
and
by = @ i |kL|vl cos(kL - ). (4.2)
\/; s=1

We expect, for each s, that the interaction of the two plane waves vg cos(ks-x)
and v/, cos(k - ) is sizable in B3>, while the interactions of plane waves
of different s is small, as demonstrated in Section 3.2. Hence we have the
following.

e Wave vectors: The wave vectors ks € R3 are parallel to a given vector
ko € R3. The modulo |ko| will be taken to be large, depending on Q.
The magnitude of ks is defined by,

ks| = 2°|ko||ks—1], s=1,2,3,...,r (4.3)
The wave vectors k. € R3 are defined by
bo— K =7 (4.0

for a given vector n € S.
e Amplitude vectors: The amplitude vectors v, v, € S? satisfy

ks-vs =kl -v,=0 (4.5)

to ensure the initial data are divergence free.
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e Auxiliary assumptions: We also require that
n-vs=0, n-v,=3 (4.6)
to simplify our calculations. In fact we will choose vy = v a fixed
vector.
We first point out the following simple facts to further motivate the choices
of the magnitudes of k;.

Lemma 4.1.

DIkl o~ ksoa] and Y (k]| ~ ke ; (4.7)

I<s I<s
- 2 1 2
lksle Rt < — and S K fe Rt < — (4.8)
Lk o LIS
vi-kj:vi-k}:vi-nzo, \V/ 2]212...’1“; (4.9)
r _ Ik K12
> lkile P <1, and Z\k'le kP < 1. (4.10)
=1 =1

Proof of Lemma. By the definition (4.3), it is clear that |k_1| < 1|k,
which easily implies the first statement. For the second statement, again
due to the definition (4.3), we know that |ks| ~ |ks| — |ks—1]. Thus,

3 lksle e o ST (k| — [Rgal)e R
s=1

s=1
Whlle the later one can be considered as a finite Riemman sum of the function
et Therefore,

T

ee 1 [ 2 NZS
e s [T e tae = = [T e = Y7
2| ; Vi Jo 2i

s=1
For the third statement, we note that the ks are parallel to the given vector
ko for all s and vs = v is a fixed vector by the above choice. Hence, by (4.5)

vi-kj =0, foralli,j=1,2,..,r
On the other hand, from (4.4) and (4.6), we have
vi-k‘;-:w-(kj—n):vi-k‘j—vi-n:O.

The forth statement in the lemma follows from the second one with an
appropriate choice of ky. This completes the proof of the lemma. O

Next we calculate the norm of our initial data.
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Lemma 4.2. For ug and by given in (4.1) and (4.2), we have

Q Q
[uoll groe S =7, Dol gore S — - (4.11)

Proof of Lemma. For the given initial data ug, we have, due to(3.1),
T
AN _ Q —|ks|?T
= — k ks - . 4.12
e ug 7 SE:1| s|vs cos(ks - z)e (4.12)
Hence by Lemma 4.1
sup\[ E |ks |ef|k5‘ t< (4.13)

ol s ~

Sl

s

The bound for ||bo|| 4-1.- follows in a similar way. O

Lemma 4.3. For ug and by given in (4.1) and (4.2), we have

le®uollxy S Q. [lebollx, S Q- (4.14)

Proof of Lemma. We only need to verify one of the two.

e uOHXTN\[(l—i—tEs[lépT </ (ZV{?\e"k\T) )%)7

where
T
(3l ) 3 e 23 e
=1 7<t
< Sk
i=1
Hence,

r

/(Z|k|2—k|r> dng eIkt <

which implies

Q
le ol x, S —= =+ Q.
This completes the proof of the lemma. O

Finally we note the following.
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Lemma 4.4. Fort € [0,+00),
Q_ ko2t

||etAU()||B;>1,oo S —=e ) ||etAb0HBgo1,oo S Qe_‘k()'%. (4.15)

vr vr

4.2. Analysis of u;. As demonstrated in Section 3.2 we consider the de-
composition

u:etAuo—u1+y, b:etAbo—b1+z.
We want to handle u; first. Recall the definition (2.8)
up = B(emuo, etAuo) — B(embo, etAbo).

By our discussions in Section 3.2 the interactions should be small. By the
fact that v; - k; = 0 it is immediately seen that

emuo . Vemuo =0.

Then a straightforward calculation shows

2 A
by Vel by = _QT Z |l<:g||k:;~|e_(|ki|2+|ki|2)t(vg - k)0’ cos(kj - ) sin(k - x)

i,j=1

Q2 2 — (k"2 112 .
=—> S kR e P ko sin(k, + k) -

4,j=1
9 T
— ST ke P ot sin(ht — k) -
i,7=1

and

2 T
Pethy - Vet = — 2 S IRl sinh 4+ ) -2
T

ij=1

2 '8
= S e i — ) -
7,7=1
= F1 + Eo,

where u; is the projection of v onto the orthogonal to k} + k} and wj is the
projection of v onto the orthogonal to & — k;. Hence,

t t
B((e2bg, e2bg) = / AR dr + / ARy dr = Fy + F.
0 0
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We give the estimate for F} in detail. The bounds for F» follow similarly
and as such are omitted.

=P +k5 12t =ik

Q2 . I AAY AR Y . / , e
= \KL||KE (vl K uysin(K: + EL) - 2 '
o Z B |k;+k;-|2—<|kg|2+|k312>
By the fact that k/-v] = 0 and since the function 1=¢— is bounded for z > 0,
we have
ar) s L3S R
7=11i<y
and
Q2 d 112 112
1B S0 S T KK Pre RIS
[
Hence,
2 T 9 r
s L3S e e e &S et
"R (-t
and

T

2
BN TP A T (s
T —

T

where we use the fact that ze™® is bounded for > 0 and Lemma 4.1.

Q% <& K12t
1Py |x, S = Zw@ || sup Ve kil

te[0,T]

+t€S[%7PT]</ (Z|k’_| |k:|2) )%

where
k? sup \/'26 4|k:/|2t < N
Z| i~ 1’szOT] Z |k’/
and
/ Lk |2 > k5_11\ 3
sup < (Z!k e % ) 7') < (Z 1 ) <1
o 2 K]



NORM INFLATION FOR INCOMPRESSIBLE MAGNETO-HYDRODYNAMIC SYSTEM 13

by the same argument as used in the proof of Lemma 4.3. Similarly

@S

A
HF1HB 1,00 —Sup\f”ef F1HL°° —Z |k/’ NT
7=1 J
Therefore, we conclude the following.
Lemma 4.5.
2 2

luallgore § &0 Nutllg $ % (4.16)

Proof. F5 can be handled just as we did F. O

4.3. Analysis of b;. First we recall that from (2.9)
bi(x,t) = B(e"Pug(x), € bo(x)) — B(ebo(x), e ug(x)).

Similar to the calculations in the previous section, first, due to the fact that
vj - k; = 0, we have

e Pug - Ve by = 0.

Also
e™2bg - Ve Puy = Z ||| kjle™ (K1 +1k5 1) F) - kj)vjsin(k; + k) -z
1,j=1
Q% = 11 e (Pl ) /
S kgl P ko sin(y — K)o
i#]
QS o 1 [~ ORI (o e Vo sin(h: — !
—E;zymm@ W] kv sin(k; — K - .
=1

We will write
STAUO . VGTAbo — eTAbo . VETAU,O = 61’0 + 51,1,

where

~ 2 T /
M—QZWW‘WW“m%%U@MM

)

2
:—manWWeWWW
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due to our choices of wave vectors and amplitude vectors in Section 4.1. We
then set by 1 = di 1 + €11, where

~ B Q2 r , —(|ki\2+|k,“2)t . ’ ’
diy = o ; |ks| | ki e I sin(k; + K - z(v] - kv

2
= @S e s+ )
T
i=1

By the choices of &}, which behave more or less like k; for each ¢ when |ko|
is very large, we conclude that €; 1 can be handled just as we did E; in the
previous section. We then have

t ~
d171_/ €A(t7T)]P)d1’1(T)dT
0

Q2 r , ) e~ (ki P+IK}*)t _ o—|ki+ki|?t
= k|| k:|v; sin(k; + k;) - x
i 2 lEosinbs + K)o e o e

which gives
2 T 5
sl S L5 e e g C 57 bk
T i

and
T

2
1 1
le™2dy 1| < & Z e~ alkilPte—slkil’T
b ,r‘ £
=1
Hence it is even easier to handle dy; than it is to handle F7 in the previous
section. Now, if we denote

t ~
bl,l = / BA(t_T)PbLl(-, T)dT,
0
we may conclude the following.

Lemma 4.6.

2 2
il £ . iale £ (4.17)
The focus is now on
¢
bio= / eAPhy (-, 7)dT (4.18)
0

2 T t
= %e—t Sin(77 . ZE)’U E |kz||k;| / 6(1_(‘ki|2+‘k~£|2)7—d7
r , 0
=1
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02 r et — e~ (ki > +[k]|*)t
7SID(77 :C) Z‘k|‘k| |]€ |2—|—|k‘,’2

i=1

since v; = v is fixed. Therefore we have the following.

Lemma 4.7. Suppose ﬁ < T < 1. Then

1b1.0(, T goroe = sup VTlle™brolle ~ Q% lbrollx, S VTQ?. (4.19)

7€(0,1)
Proof. By (4.18), it follows that
b1 o ~ Q*sin(n - x) (4.20)
for \k e < T <« 1. Indeed, T' <« 1 insures e * ~ 1, for t < T} \k e < T
insures e~ (ks +IF*)t 0. And, since |k | is very large, |ks| ~ |K.| for every
s by (4.4). Thus,
broll pree ~ Q* sup Vi[|e™ sin(r - )| (4.21)
o 0<t<1
~ Q2 Sup \/%67|77|2t ~ QQ,
0<t<1
Also
Ibr0llx7 ~ @ sup V|| sin(n - )|z (4.22)
0<t<T
+ Q% sup / / |sin(n - z)| d:):dt)
20,0<R<T ’B 0, VR R)| (z0,VR)
SVTQ?. O

4.4. Analysis of y and z. In this section we analyze the parts y and z of
the solution. The idea is to control y and z using the boundedness of the
bilinear operator B in the space X7. Naively one would hope that nonlinear
terms turn out to be even smaller. But the trouble is at the linear term G4
and K7 since

le"2upllx, $Q, and ||ebox, < Q,

by Lemma 4.3, which is the best we can have. The problem is the plane waves
should not be lumped together in one single time scale. Plane waves that
have much bigger wave vectors diffuse much quicker. Therefore it makes
sense to analyze how y and z evolve in different time scales and see how
different plane waves contribute. In [1], Bourgain and Pavlovié¢ very skillfully
designed time steps to group appropriately the plane waves. We will use the
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same idea. We now introduce the time step division as used in [1]. Let
0<Ty <1y <--- <1Tg, where 8 = Q3 and T, = |k |72, ra = 7 — aQ 37,
a =1,2,.... In particular, r3 = 0 and T = |ko|=2. The following are the
key estimates for the time step design in [1].

Lemma 4.8. Suppose that r is sufficiently large for a fixed large number Q.
Then
< Q*l/?i

1" 0) X1 s (D 11,y S Q7% 12000170 1) D, S

Proof. The proof is the same as in [1]. For the convenience of the reader
we outline the proof showing the design of the time steps. First use the
decomposition

(€"*u0) X7 Tosr)(t) & L1 + Lo + Ls,

where

Q —
Li=—r ST Jkslvs cos(ks - 2)e iy, g (1)

S<Tra+1

Q & ks
Lzz% Z |Ks|vs cos(ks - x)e”! ltX[TavTaH](t)

S=Ta+1

0 2
Ly = W Z ‘ks‘vs COS(kS ’ m)e el tX[TO“T“'*‘ﬂ(t).

Ta<s<r

The first group are those plane waves whose sizes are small. Provided % <

1
Q™2 we have

Q Q 1
1L, S 7\/Ta+1|km+rl| + W(Ta+1|k‘m+rl|2)2 N

The second group is the group of active plane waves in the time scale
[T, Ta+1]. But, by the design, the number of plane waves in this group
is small:

Q7

Sle

ol , S 2+ S=a—rar)t = £+ 2@ SQ7,

=

if % < Q_%. The last group of plane waves are those that have diffused too
much and become small in size:

T

Q e
HLES”XTMrl Sﬁtsup Z k| V/te ks [t

<Ta+1 s=rqo+1
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1

_ 2 2

+7 sup /‘ ‘k5|2e ks | tX[Ta,TaJrl](T)‘dT) .
rt<T0¢+1 s=ro+1

The first supremum of the last line is controlled by the integral

lfer | ) lkr |V ) lkr |Vt
Vie T tde = / e ¥Vdy < / e Ydy
| \

‘k’fa"'ll kr‘a+1|\/7? k’”a+1|\/£
< 6*“?7"0&1‘\/z < ef‘kra+1|/‘kra| < 17

where we used the fact that |k, 11]|v/t > 1 for t € [Ty, Tpr1] with the second
step and the last step follows from (4.3).
The second supremum is controlled by

r 1/2
( Z eflkSFTaH) < (1 — ro)e rat1/lbra
s=rq+1
r—aQ 3r
< (aQ3r)e™ T«

In the same way one can show the same estimate for by. The proof of the
lemma is complete. U

Lemma 4.9. For T > Tg,

(e uo0) Xy (B) |z S (4.23)

og)e

1(e"b0) x (7, 1y ()| 7 S NG (4.24)

Proof. From Lemma 4.1 and (4.12) we see that

lks|2

1
(e o)Xy 1 () | S \[ TZIk e "“0‘2 (T =Tp)>

5l

The second one follows in the same way. O

Recall the equations for y and z from Section 2.4:

—Ay+Go+ G+ Gy =0,
—ANz+ Ko+ K1+ Ky =0.

Note that y(0) = 2(0) = 0. Hence, t € [Ty, Th+1] and

y(t) = — / t eIAG(r)dr (4.25)

0
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t ¢
= —/ e(t_T)AG(T)X[O,Ta]<T)dT—/ e(t_T)AG(T)X[Ta,TaH](T)dT,

0 0
where G = Gy + G1 + Go. So we can write
lyllxs,,, <5+ (4.26)

to see how y develops in the time step [Ty, To+1]-
Similarly for z, we have

t
lelier,,, <1 [ €DK xom i, , (4.27)

t
-+ /0 MDA (T)X (1 107 X, L, = 1+

where K = Ky + K1 + Ko. Now we are ready to estimate the increments of
y and z during the time scale [T, To+1].

Lemma 4.10. With appropm'ate choices of r and T, we have

+ lzllxr,,, S e -tV Is) + QUIyllxr, + lIzllxg, ). (4:28)

Proof. Applying the bilinear estimate (2.5), estimates in the space X,
from Lemma 4.3, (4.19), (4.17), and (4.16), we have

2
LS @+ ==+ yllxr)Ylxz, (4.29)

2 2 2
FQEQ@VTa+ Lzl el + @+ D&

2
v+ Levi+ L)

We next apply Lemma 4.8 and estimate

lyllxs, ,,

_ Q?
LS @Y+l lxe, (4.30)
¢ L @@
Q4 @V Tart + = + el e, , +(Q7Y2 4+ )

2
+(QV2+@? aﬂ+9ﬁ@2 wr¢%>

We choose r sufficiently large and T" appropriately small such that

Ci? <Q V2 Q*NT <Q V2. (4.31)



NORM INFLATION FOR INCOMPRESSIBLE MAGNETO-HYDRODYNAMIC SYSTEM 19

Hence we combine (4.26), (4.29) and (4.30) to arrive at

1
lllxr,., S Q°C + VT3 + QUyllxr, +llellxs,)  (432)
Q2 ,, + 12l )+ Il + 12l -

Similarly we can obtain

1
12lxr,., S QG + VT3 + QUylxr, + 12l1x7,) (4.33)
+ Q2 (il + 2l )+ Il l2lxn, -

Therefore, adding (4.32) and (4.33), we have

1yl xr,

a+1

1
S Q-+ VT5) + QUlyllxx, + l12lxz,)

+1 ™
)

elx,,
So, for much larger r and |ko|, we have ||yHXTa+1

1
S QU+ V) + Qlyllxr, + 12lxr,)- U

+1

+ 2l xr,
+ (lyllxz

a+1

+ HzHXTw+1 small and

1Yllxr,,, +l2lxs,

a+1
By iterating (4.28) the following then follows easily.
Lemma 4.11.
1
19llxz, + 2lxz, S Q7(~ + V/Tp). (4.34)

Next, for T' > T}, in light of Lemma 4.9, one may repeat the argument in
the proof of (4.28) and obtain the following.

Lemma 4.12. For appropriate choice of r and T,
1yl xr + 12]lx7 S A4Q'T. (4.35)
This implies that
(Dl g=roe S IyC Dz ST lyllx, S 4QWVT (4.36)
and

<4Q*VT. (4.37)

~

12 Dl poroe S N2, Tllzee S T2 2l x7
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4.5. Finishing the Proof. Now we are ready to complete the proof of
Theorem 1.1. Since (4.17) implies

Q2
VT’

1
1611 (5 D)l pzroe S 012G Tl [Le ST 2 [brallxr S (4.38)

from (2.7) we combine (4.19), (4.38) and (4.37) to obtain
Ib(-, T) — €™ bo|| g=r.0c > [[b(-, T) — €™ bo| 1.
2 [IoroC Tl pree = llbraC Tl poroe = 12, Tl e
2 Q% = [brallze — 2] poe

2 Q1 - —= —4QT),

Therefore, in light of (4.15),
BT s 2 Q2.

On the other hand, from (2.6), we combine (4.15), (4.16), and (4.36) and
have, for any t € [0,T7,

2
Ol paee 5 2+ E+ QYT (1.39)

and remains small in Bo_ol’oo. Thus we proved Theorem 1.1.

Remark 4.13. We would like to note the following simple chart to indicate
how the choices of the several parameters are made.

0 —Q—T — |ko| — |ks|, Q@ —r.

5. OTHER SCENARIOS OF NORM INFLATIONS

In this section, we consider other interesting norm inflation phenomena
for MHD systems. The essence of the construction introduced by Bourgain
and Pavlovié¢ in [1] and used in this paper is that the collisions of plane waves
with similar but large wave vectors can cause norm inflations in NSE as well
as in MHD systems. More precisely we see that the collisions in the quadratic
terms trigger the norm inflations. Hence we can arrange the initial data to
have collisions of plane waves with similar wave vectors either in uq or in by to
produce various norm inflation modes for MHD systems. For example, even
the initial velocity is zero, if the initial magnetic field contains enough plane
waves to collide, we can produce the scenario where the velocity develops
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norm inflation in Bog"™ while the magnetic field remains small in the space
B>, Namely, we have the following.

Theorem 5.1. Let ug =0 and
by = \C} Z(V‘Mvz cos(k; - z) + |ki|v; cos(k] - x)).
T
i=1

Then, for any § > 0, there exists a solution (u,b,p) to the MHD system (1.1)
with initial data ug and by as in the above satisfying

15(0) | 5 S 6,
such that for some 0 < T < 9§
JalT) ] e 2176,
while for any 0 <t <T <6
Hb(t)HBgolﬁOO S 6

The proof will be more or less the same as the proof in [1] in light of our
discussions in the previous section. Another interesting case mentioned in
Remark 1.4 is that when the initial velocity and the initial magnetic field are
the same, although they both include many plane waves that are to collide,
the collisions cancel each other in the evolution of the MHD system and
produce no norm inflations.

Remark 5.2. Finally we would like to mention that, in [3], Cheskidov and
Shvydkoy introduced a different construction of initial data to prove the
ill posedness of NSE in certain Besov spaces. There are two more works

about the ill-posedness results for Navier-Stokes equations by Germain [4]
and Yoneda [9].
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