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Abstract

In this paper we establish lower and upper bounds for the rate of
decay of the total energy and of the magnetic energy of solutions to
the magneto-hydrodynamics equations on R", 2 < n < 4. It is shown
that weak solutions subject to large initial data outside a class of
functions with total radially equidistributed energy decay algebraically
(rather than exponentially). It is also proved that initial data with ra-
dially equidistributed energy gives rise to weak solutions which decay
exponentially (rather than algebraically).
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1 Introduction

The purpose of this paper is to derive upper and lower bounds on the de-
cay of the total energy and the magnetic energy of a viscous incompressible

*University of California, Santa Cruz, California. Research partially supported by NSF
Grant No. DMS-9020941.

TFlorida Atlantic University, Boca Raton, Florida.

tOxford University Computing Laboratory, 11 Keble Road, Oxford OX1 3QD, England.
e-mail: endre.suli@comlab.ox.ac.uk



electrically conducting resistive fluid. The interactions between the fluid mo-
tions and the magnetic field are modelled by the magneto-hydrodynamics
equations which, in non-dimensional form, can be written as (cf. [4], [11]):

B Lo 1
0 1

V.ou=0, V-B = 0.

Here u, P and B are non-dimensional quantities corresponding to the velocity
of the fluid, its pressure, and the magnetic field; f(x,t) represents a non-
dimensional density of volume force, and |B|*/2 is the magnetic pressure.
The non-dimensional numbers appearing in these equations are the Reynolds
number, Re, the magnetic Reynolds number Rm, and S = M?/Re Rm, where
M is the Hartman number. For the sake of notational simplicity, and without
restricting generality, we set all of these numbers to unity. Thus, upon such
normalisation and letting p = P + %S|B|2 denote the total pressure, we
consider the magneto-hydrodynamics (MHD) equations in R", 2 <n < 4:

%u—l—(u-V)u—(B-V)B—I—Vp = Au+f,

(MHD) %BJr(u-V)B—(B-V)u = AB,
V-u=0, V-B = 0,

supplemented with the initial conditions
u(,0) = uole),  B(x,0) = Bo(w).

There is no loss in generality in assuming that the forcing function is diver-
gence free; i.e., that V- f(¢) = 0 for all ¢ > 0. We shall always make this
assumption.

We show that weak solutions to the MHD equations, subject to large
initial data outside a class of functions with total radially equidistributed
energy, decay algebraically (rather than exponentially). In particular we
prove that, for such solutions, the total energy (kinetic plus magnetic) and
the magnetic energy have slowly decaying algebraic lower bounds. Moreover,
we show in which cases the lower bounds are valid for the kinetic energy alone

2



or the magnetic energy alone. Thus, our results reinforce mathematically the
observation made by Chandrasekhar [3] that “the magnetic field in systems
of large linear dimensions can endure for relatively long periods of time”.

The following notation will be used throughout the paper: H™(R™) will
denote the Hilbertian Sobolev space on R™ of index m, m > 0; LP(R")
will stand for the Lebesgue space equipped with its standard norm || - ||,,
I <p < oo

V={vel[C;7RM]" : V-u=0}, H =closure of ¥V in [L*(R")]".

In addition we introduce the following weighted Lebesgue spaces (and asso-
ciated norms):

— {v: /R e 2|o(2)|dx < oo}, Wi = {v : /R e |[o(2)|2de < oo},

1/2
ol = [ Lalffo@@)lde, Jolw, = | [ Jello(a)de

Suppose that (ug, Bo) € H x H, and let f € L*(0,00; L*(R")"). By a
weak solution of the MHD equations we mean a function (u, B) € B x B,
where

B = Cu([0,00), H) N L, (0, 00), [H(R")]"),

satisfying the integral relations

W+ [ =), G2 + (Tu(s), V(o))
+ ((u(s)- Vu(s) — (B(s)- V)B(s),¢(s))ds = (ug, & —I—/

t 0
(B, 60) + [ —(B(s), 229+ (VB(s), Vols)
+ ((uls) - V)B(s) = (B(s) - Vu(s), ¢(s))ds = (Bo, $(0)),
for all smooth divergence-free vector fields ¢(x,t) with compact support in
R" x [0,00). Here {-,-) denotes the scalar product of the space [L*(R"™)]"

and C([0,00), H) is the space of weakly continuous functions from [0, o0)
into H.



When n = 2, the existence of a unique strong solution is well known,
whereas for n > 3 no uniqueness result without restricting the class of solu-
tions is available (see, [5] and [21]). Nevertheless, all solutions to the MHD
equations constructed so far do obey the energy inequality, stated in (2) be-
low, or at least they may be approximated by solutions of this type. This is
well known for solutions to the Navier-Stokes equations (see [13], [24]). The
methods used to construct solutions to the Navier-Stokes equations ([2], [13],
[22]) can be easily extended to a construction for the MHD equations, and
the solutions will in the same fashion satisfy the energy inequality (2) for
2 < n < 4. Thus, following the approach of Wiegner [24] for the incompress-
ible Navier-Stokes equations, we shall assume in the rest of the paper that
the solution (u(t), B(t)) to the MHD equations obeys:

lu@®lz + HB(t)Hi+2/:(HW(T)H§+HVB(T)!\%)dT

t
< )z + 1Bz +2/5 [(f(r); ulr))|dr,
for s = 0, and almost all s > 0 and all ¢t > s.
By our assumption that f € L'(0, 00; L*(R™)™), this implies (in the same

fashion as in [24]) the existence of a constant C' = C'(ug, By, f) such that for
s =0, and almost all s > 0 and all t > s,

()5 + HB(t)HﬁJrQ/:(HW(T)H%+HVB(T)!\%)dT
(3)
< HU(S)H3+HB(S)!\§+C/S [F ()] 2dr

Indeed, if f is smooth and || f(¢)|l2 > 0, then A(t) = [(f(t),u(t))] - |[F()|Iz"

is a continuous function, and, by the Cauchy-Schwarz inequality,
t
R < @)z < Huollz + [ Bollz +2/0 h(r)||f(r)ll2dr
00 t
ol + 1Bl + [ 1) o + [ B350 o
t
= Cu(uo. Boo ) + [ BHO)LF)]2db

IA
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Thence, by virtue of Gronwall’s inequality, we have that h(t) < C(ug, Bo, f),
and the required inequality follows from (2). The general case of f €
L0, 00; L*(R™)") is dealt with by approximation.

In Section 2 we analyze the lower and upper bounds of L? decay rates
for solutions to the heat equation subject to a forcing term. The upper
bounds are included for completeness. In this paper, we improve known
upper bounds given in [16] and [9]. The derivation of the lower bounds
for weak solutions to the MHD equations presented in this paper hinges on
decay properties of solutions (ug(x,t), Bo(x,t)) to the non-homogeneous heat
system

d
Euo = Aug + f7 UO(J?,O) = UO(J?),

(HS,f)
%Bo = AB,, Bo(w,0) = Bo(z),

with the same initial data, (ug, By), and volume force, f, as in the MHD
equations. We will impose certain conditions on the functions f and prove
that these conditions guarantee that the solutions of the heat equation with
forcing function f decay at the same rate as the corresponding solutions of
the “free” heat equation. We need these conditions on comparing solutions of
the MHD equations with solutions of the heat equation in our proof that, at
least generically, the square L%-norms of the solutions to the MHD equations
have a rate of decay bounded below by C(¢ + 1)~/ (with C' > 0).
Definition. Let f: R" x[0,00) — R" be measurable, and assume V- f({) =
0 for all t > 0. Let p,v,0 € R. We say

a f e A, if there exists C' > 0 such that

IfD]: <Ct+1)"" for t>0.

b f € B, if there exists C' > 0 such that

If(&. 1) < ClE)” for t>0,6 €R™

c f € C, if there exists C' > 0 such that

(D)o < C(E+1)"" for ¢>0.



We can make these spaces into Banach spaces defining norms in the ob-
vious way; for example,

/14, = igg(t + D! f (D)2,

and similarly for || f|5,, ||fllc, -
We also have to assume frequently that f € L'(0,00; L?(R™)"); we define
the norm in this space by

1£llp 2y = /OOO LF()]]» dt.

For our lower bounds, we need to be able to estimate first order moments of
the solution (u, B) of the MHD equations (cf. Lemma 6.1). For this purpose
we assume f € L0, 00; W1).

In order to derive the lower bounds, we use the ideas presented in [20] for
solutions to the Navier-Stokes equations. We compare the decay of solutions
of the MHD equations to those of the heat system with the same initial
datum. The decay in L*-norm of solutions of the heat equation (or system)
depends mainly on the presence (or absence) of long waves in the initial
datum; i.e., on the size of the Fourier transform of the datum near the origin.

We show that for initial datum (ug, Bg) € H x H, the L*-norm of the
difference between the solutions of the MHD equations and the heat system
(with the same datum) satisfies an upper bound which decays faster than
the L%norm of the solution of the heat system. Specifically, we prove the
following theorem
THEOREM. Let the initial datum (ug, Bo) € H x H and assume

f € LI(O, Q] LQ(Rn)n) N An/4—|—1 N B4 N C(n+3)/2.

a) Ifn =2 and not all components of 1(0) or BO(O) are zero (in the sense
defined at the beginning of Section 2), then

lu(t) = wo(@)|I3 + 1 B(1) = Bo(t)]13 < Cpy(t +1)7"27H(1 + log®(t + 1));
b) ifn >3, or if n =2 and (ug, Bo) € [H N L*(R™)"]?, then

() = a0 + 1B() = Bo(t)3 < Coy (1 4+ 1)/,



Cases a) and b) are mutually exclusive due to the following lemma estab-

lished by Borchers [1].
LEMMA [B]. Letu € L*(R™)* N H. Then

/ udr = 0.

Proof. Suppose first v € [C5°(R")]". Then

/uld:p:/ u-V:z;ld:I;:/ (V-u)ayde = 0.

The general case of v € L'(R™)" N H follows using approximations and
passing to the limit.O

For the sake of completeness, we notice that case a) of the theorem can
obtain; in fact there do exist functions v € H such that @(0) # 0 in the sense
of Section 2. For example, let ¢ € L* N LT(‘;C(R”) and define u by

N €]
Then v € H, but 4(0) # 0 if ¢ is bounded away from zero near the origin.
By showing that in case (to(0), Bo(0)) # (0,0), the solution of the heat

system satisfies the lower bounds

ﬁ(f) = ( (5)7 (5)707"'70)'

luo(O3 = Cat +1)72, | Ba(D)3 = Cat +1)772,

the lower bound for the MHD equations easily follows from the estimates in
cases a) and b) above.

For the difference between a weak solution u(t) of the Navier-Stokes equa-
tions and a semigroup solution wug(t) of the heat system, Wiegner [24] showed
that one has the estimate

lu(t) = wo(B)3 < C(t+ 1)~ 271

It is worth mentioning, however, that whereas for the Navier-Stokes equa-
tions this inequality holds regardless whether or not the initial data has zero
average, this is no longer true for the MHD equations in two dimensions (cf.
Corollary 3.2). This distinctive feature stems from dimensional arguments
and the fact that the nonlinear terms in the MHD equations involve both
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the velocity and the magnetic field; thus when we estimate the difference
between solutions of the MHD equations and the heat system, the bound
involves || Vug(?)]|co which decays at a rate depending on whether or not the
initial data has zero average. A more subtle situation occurs when the av-
erage of the initial data is equal to zero: in this instance there are no long
waves present in the initial data and the corresponding solution of the heat
equation in Fourier space may contain only short waves, so that the L?-norm
of the solution to the heat system decays very fast. However, for the MHD
equations the nonlinear terms can produce a mixing of the Fourier modes
which slows down the decay. As was shown in [20] for the Navier-Stokes
equations, solutions with data outside of a class of radially equidistributed
functions will immediately produce low Fourier modes. More precisely, it can
be shown that in frequency space solutions to the MHD equations take the
form

W& to) = €-allto) +h(¢ to),
A (1)
B(§7t0) = 5 'ﬁ(f?to) ‘|‘k(§,t0),

where « and [ are homogeneous functions of degree zero, and h and k are
O(|¢|*). This is proved as in [20]. The appearance of long waves (i.e., low
Fourier modes) does not seem to be sufficient to insure that the decay rate will
slow down. We need to add a hypothesis on the solutions guaranteeing that
these slow Fourier modes keep showing up in a sequence of times tending
to infinity. We conjecture that this hypothesis is removable; whenever a
slow Fourier mode has appeared it will persist as time goes to infinity. In
other words, once long waves are present they will stay indefinitely. For the
time being, we show that if the slow modes do not persist then the solution
decays at a faster rate. We also show that the persistence of the slow modes
is generic (Section 4). Next we compare the solution of the MHD equations
with solutions of the heat system with initial data (u(-,¢.), B(-,t,)), where
{t,n} is a sequence of times satisfying lim,, . ,, = co. The form of the initial
data given by (4), with ¢ replaced by t,,, guarantees that the corresponding
solution, (uo(ty,), Bo(tm)), of the heat system satisfies

o (£ )||% + || Bo(tm)||? > Cs(tn, + 1)1,

with C3 independent of m. The derivation of the lower bound for the total
energy of the solution to the MHD equations is now reduced to showing that



the upper decay constant, Cp,, for the difference, (u(t) —uo(t), B(t) — Bo(t)),
satisfies

CDl < 03,

where (5 is the constant corresponding to the lower bound for the solution
of the heat system. A similar analysis yields the lower bound on the decay
for the magnetic energy alone.

This part of the analysis is performed for initial data giving rise to solu-
tions in Mg, the complement of the set My of functions with total radially
equidistributed energy. The set My is a generalisation of the class of ra-
dially equidistributed functions, M, introduced in [18] to obtain algebraic
lower bounds for the Navier-Stokes equations. Given u = (uy,...,u,) and

B = (By,...,B,) in [L*(0, 00; L*(R™))]", let
./Zli]‘ == /OO/ (uiuj — BZB])dl',
0 n

CNZ']‘ == /OO/ (UZB] — Bzu])dx
0 n
We also set
<$7B0>ij :/ J}]BZ(J},O) dx.
Rn

Then, introducing the matrices A = [A;;], C = [C;;], and (z, Bo) = [(x, Bo)s;),

we define
Moy = {(u, B) € [L}0,00; LA (R™)]*" : Ais scalar and C = (x, By)}.

We note that M, is very small. More precisely, if (u, B) € [L'(0, c0; L*(R"))]?,
then generically (u, B) € M§. This will be established in Section 4 (cf.
Lemma 4.2 and Corollary 4.3). In other words, generically solutions are not
in My, the set where slow Fourier modes do not persist. We show that the
lower bound holds if and only if the solution is not in Mg (cf. Section 4,
Theorem 4. 3). We strengthen this result in the final section where we give
examples of solutions to the MHD equations not in My which decay exponen-
tially (rather than algebraically). These examples, of solutions which decay
exponentially rather than algebraically, are of two types. Solutions where
the magnetic field B is zero and the velocity is simultaneously a solution to
the Navier-Stokes and the heat equations; secondly, solutions where both the
velocity uw and the magnetic field B satisfy heat systems. The example we
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have is valid in all even space dimensions and shows that the classical radial
solution of the Navier-Stokes equations is also a solution of the homogene-
nous heat equation. It extends in a quite technical way the 2 dimensional
example given in [20]. The analysis done here gives a general method for con-
structing simultaneous solutions to the heat equation and the Navier-Stokes
equations. It raises the question whether only solutions which also satisfy
the heat equation can decay exponentially.

Our results are also a first step to showing that, in the far field, the
behaviour of solutions to the MHD equations and the heat system are quite
different. Whereas solutions to the heat system may have very fast algebraic
or exponential decay when the initial data is rapidly oscillating, the nonlinear
terms in the MHD equations generically alter the decay of solutions to a slow
algebraic rate when started from the same initial data. We note that, with
minor modifications, the analysis presented here can be adapted to the case
when the second equation in (MHD) also contains a forcing term. We have
the following result.

THEOREM. Let (ug, By) € [Wao N HJ?,
f € LI(O, Q] LZ(Rn)n N Wl) N An/4_|_1 N B4 N C(n+3)/2,

and let (u(xz,t), B(x,1)) be a weak solution of the MHD equations with initial

datum (u(z,0), B(x,0)) = (uo(2), Bo(2)).
a)]fﬁo()#()or 30(0) # 0, then

Colt +1)7* < Jful, DI + [ B3 < Coft +1)72.

b) If (uo, Bo) € [Wonn HO[LYR™)]")? (so that

i16(0) = (2#)_”/2/n wolz) dz = 0, Bo(0) = (2#)_”/2/ Bo(z)dz = 0,

by Borchers” Lemma) and (u, B) ¢ Mo, then
Colt + 17270 < u DI + [BCDIE < Calt+ 1727

We note that if R (Vie(0)) # 0 the solutions stay in M.

In this paper we also obtain a very precise expression for the first term of
the Taylor expansion in frequency space of solutions to the MHD equations.
The expansion is valid, as well, for solutions to the Navier-Stokes equations
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setting B = 0. In fact, the MHD equations reduce to the Navier-Stokes
equations when B = 0 so that the methods presented here are also suitable
for the analysis of the decay of solutions to the Navier-Stokes equations with
a forcing term f. The lower bound on the decay rate of the total energy
for the MHD equations is the same as that of the kinetic energy for the
incompressible Navier-Stokes equations, with the set Mg replaced by its
counterpart

M={uel! ((O, o0), LQ(R”)”) o [rij] is scalar, where r;; = /00/ wiuda}.
o JRr

We note that in this paper we corrected a gap that was found in the corre-
sponding result for the Navier-Stokes equations [20].

Finally, we mention that upper bounds for the MHD equations have also
been derived in [16] and [9].

2 Bounds for solutions of the heat equation

We begin with the homogeneous heat equation. If ¢ € Lioc (or, more gen-
erally if ¢ is a distribution), we say ¢ has a zero of order p at the origin if
in some neighborhood V' of the origin

() = p() +h(E)  forfeV

where 1 is a non-zero function homogeneous of degree p, continuous on
R"\{0}, and h(&) = O(|£|*T*) for £ — 0, some ¢ > 0. If ¢ has a zero of
order 0, we will say (with some abuse of language) that > does not vanish at
0, write ¢(0) # 0. This generalisation of the concept of a zero at the origin
will be used exclusively in case ¥(§) = (&), u € L*(R™). Moreover, u will
be the solution of a heat equation or part of the system of solutions of the
MHD equations for some (fixed) time value. If p is a non-negative integer
and |z|’u € L', then @ is p-times continuously differentiable (with bounded
derivatives) and @ has a zero of order p at 0 in the generalised sense if and
only if it has a zero of order p in the conventional sense. In particular, if
u € L', then 4(0) # 0 if and ond only if @ has a zero of order 0 at the origin.
Since we also have for v € L' that

a(0) = (2#)_”/2/ () de,

n
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so that w(0) = 0 if and only if u has a zero average. With some abuse of
language, we shall say that a function v € L*(R") has zero average if its
Fourier transform @ has a zero of order at least 1 at 0. Also, with some abuse
of language, we shall say that a function v € L? satisfies 4(0) # 0 if @ has a
zero of order 0 at the origin; i.e., if ¢ differs from a homogeneous function of
degree 0 by a quantity of order O(|¢]%) for & — 0, where ¢ > 0. If u € Wi,
these concepts reduce to their usual interpretation.

Lemma 2.1 Let ug € L*(R") and let v = v(x,t) be the solution of the
homogeneous heat equation v, = Av with initial datum v(0) = ug. If Gg has
a zero of order p > 0 at the origin, then there exist constants Cy > 0, Cy > 0
such that

Colt+ 1) < Jlo(t)l; < Cr(t +1)757
for all t > 0.

Proof. Let § > 0. By Plancherel’s Theorem,

I3 = [ lao(©)2e*¥" d¢ = As(t) + Bs(1),

Aslt) = /|£|S5

with
~ _ 2
do(&) PP,

GRS

Since
Bs(t) < e Juo|3,

Bs(t) decays exponentially and it suffices to see that As(t) decays at the
desired rate. We select § > 0 so that

to(&) = p(€) + ha(E)

for |¢] < 4, where p is homogeneous of order p and hy(£) is bounded by
const-|£|**¢, where € > 0. The result follows, since

oy O E dg g

while

/ 20(&)h1 () + h1(§)2)|€_2t|£|2 d¢ < const t~P/2Fe,
lel<s

We notice that we can replace ¢ by ¢ + 1 in the estimates, since |[v(¢)]|3 is
bounded at 0. O
In particular, if 4o(0) # 0, we get
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Corollary 2.2 Let ug € L*(R") and let v = v(x,t) be the solution of the
homogeneous heat equation v, = Av with initial datum v(0) = ug. Assume
to(0) # 0. Then there exist positive constants Co,C1, depending only on the
norms of the datum, such that

Colt +1)7F < Jo(B)I < Calt +1)72
fort>0.

We want to explore a case in which the initial datum has zero average in
a bit more detail.

Lemma 2.3 Lel ug € [L*(R™)]" and let v(x,t) be the solution of the homo-
geneous heat system with initial datum ug. Suppose in addition that there is
& > 0 such that the Fourier transform of uo admits the representation

o(§) = PEE+ (L), Jor [f] <6,

where P and h satisfy the following conditions:
i)P is a homogeneous, n x n matriz-valued function of degree zero with

Pl = |S£1|1p |[P(§)] < o0
=1

(where |P(€)| denotes a matriz norm of P(£)).
W)|h(E)] < Mo|€|?, for some My > 0 and all £ € R, |£| < 6.

Then
oI = en(5.0) ([ 1Pyl do) 3 100758 ()
where -
S\ e N2 n 42
< 2 <5< (=) T
(5) e cawns () )
fort>1, and

O( 33| < i
with C' depending only on My, ||P|| and §. If, in addition,

o1 = /Sn_l |P(w)w|? dw # 0 (7)
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then there exist positive constants Cy, C1 with Cy depending only on Moy,
lwol|2, || P]|, and o1, Co depending on all these quantities and on § such that

Co(t+1)757 < Jlo()]3 < Cu(t +1)75 71

Proof. We have

o0l = [ e lio(€) (6)F de

2 de :/ 2P g,
€l

< 6_2%2HU0H§-

It suffices to show that fl£|§5 21 4,
O(t~/273/2), For |¢| < 6,

(6)|? d€ is of the form ¢, (8, )t~/ >~ 4

do(€)I* = [P(EI* +(6)

where

(&) < ClEP

and C depends only on My and || P||. Equation (5) follows multiplying |t (&)
by e 2" and integrating over |¢| < §. In fact,

| 2

/| |§|3 —2t|£|2d§</ |§|3 —otl¢|? de=C - t_%_%
gl<s

where (' is a constant, while

) §
/|£|<5 o 2tlel |p(§)§|2 dé = (/0 ntl =2t dr) ( - w|2 dw)
1 2t52 T
= 50'1( ) 2 1

) 2162 2
(e < [T ke ds < ()

for t > 1. The final statement of the lemma is an easy consequence of (5)
and the boundedness near 0 of |[v()]|2. O

Notice that
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Having derived upper and lower bounds on the decay of solutions of the
homogeneous heat equation, we now consider the heat equation with a forcing
function f. Let v satisfy

0
5% = Av+ f

v(x,0) = we(a).

We split v = u + w, where u solves the free heat equation u; = Aw, with
u(0) = ug, and w solves w; = Aw + f with initial datum w(0) = 0. Then

%HW)H% = w15 < le@)l13 < 2lu@)l; + 2llw®)]3

and to see that ||u(t)]|2 and ||v(¢)]|2 have the same rate of decay, it suffices
to show that |[w(t)||2 decays at a faster rate than ||u(t)|[2. We have

Lemma 2.4 Let v be the solution of v, = Av+ f, assume the Fourier trans-
form g of the initial datum of v has a zero of order 3 > 0 at 0 and that

€ A,NB,, where u > L L +34+2) and o > 3+ 2. There exist positive
H s /“L 2 2 p
constants C'y, Cy, such that

CLll+ )72 < ()]} < Co(1+ )78
for all t > 0.

Proof. In view of Lemma 2.1 and by the remarks preceding this lemma, it
suffices to prove |[w(t)||? decays at a faster rate than /2% where v = u+w
as above. Writing

t
w(t) = /0 e f(s) ds
t/2 t
- / eI f(s)ds + [ U2 f(s)ds = I + .
0

t/2

By Plancherel,

e—(t—s)A S)IE = e—z(t—s)|g|2 ; 5)|2
=2 = [ 7€) de

< Ml [, €070 dg = CII I (0 = )70,

N
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SO 1ha‘
2 t/ 1 /2 —n/4 2
H[ H < CHfHBO-/ ( - S) n/ / dS — CH]('H t n/ _U/ + .

By Plancherel (or otherwise), [|e=(=94 f(s)||2 < || f(s)||2, hence

t t
ol < [ 1A lads < 1, [ (s 17 ds < Cll (0417

;From these bounds we conclude (after squaring and with a constant C
depending on || f||4,, || f||B,) that for ¢ > 1

()3 < Cl(t+ )72 4 (4 1) 42 < Ot 4 1) 720

where ¢ = min(oc — 2 — 3,2y — —n/2—-2) > 0. O
As for the case of the free heat equation, the main cases in which Lemma
2.4 is applied are contained in the following Lemma.

Lemma 2.5 Let v be the solution of v, = Av + f with initial datum v(0) =
ug. Then

1. Ifup(0) £ 0 and f € A,N B, with u >n/4+1, 0 > 2, then there
exist constants Cy and Cy, depending on norms of ug and f, such
that

Colt + 1) < lu(- )3 < Cut + 1)

2. If 4o(&) = P(E)E + h(€) for |€] < 6, where § >0 and P, h are as
in Lemma 2.3, and f € A, N B, where p > n/4+43/2, 0 > 3,
then there exist constants Cy and Cs5, depending on norms of ug

and f, such that
Co(t + )72 < lu( 1) < Cs(t+ 1) 70

To show that the solution (u, B) to the MHD equations with initial data
(uo, Bo) is asymptotically equivalent to the solution of the heat system with
the same initial data, we need the following auxiliary result concerning the
decay of the L*-norm of the solution of the heat system.
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Lemma 2.6 Suppose a > 0, and let v(x,t) denote the solution of the heat
!

system (HS,f) with f € C,, where v = %—I— 5 +1. 1If

lo( I3 < Cle+ 1™, 1> 0.

Then
(a) [Vo(, )2, < O+ 1)t 1> 1,

(6) loC )% < ClE+1)7 2 1> 1

Proof. Let D' denote the identity operator if 7 = 0, the gradient operator V
if i =1. Let

.r|2

[((t)(x) = [((l',t) = (47‘rt)_”/2€—T

be the heat kernel: we can then write
Diolt) = DUK(t/2) 5 o(t/2) + | ;2 DKt — s) + f(s) ds
so that
D0l < DKl + [ D= ) o

Standard estimates yield

DK ()|, = €tz
ID'K(t)], = Ct72,

hence

' L(Z+: ! —i
1D 0(0)l < CEEDotf2) a4 O (1= 51217 o s

Using f € C, and the hypothesis on the decay of |[v(t)]|2, we get

- liny., 1 1 n i -
[1D(t)][ < Cﬁ(?“)ﬁ“+Ct‘5<°‘+5+2)/ (t—s)"""ds
t/2
< OtTrletit),

since 0 < i/2 < 1 (and (¢ — s)~"/? integrated from ¢/2 to t is of order ¢'~/2).
The proof is complete. O
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3 Fourier representation and upper bounds
for solutions of the MHD equations

In this section, and in the sequel, (u, B) will denote a solution of the MHD
equations with initial datum (ug, By) and divergence free forcing function
f. In deriving upper bounds for the decay of (u, B) we mimic the methods
developed to establish decay of solutions of the Navier Stokes equations in
[18] and in [24], most notably the Fourier splitting method (introduced by
one of the authors in [17]). The Fourier splitting method has already been
used by Mohgooner and Sarayker for the MHD equations (cf. [16]), but
their rate is not optimal. Our approach is somewhat formal (if n > 3) since
we are applying ordinary time derivatives to functions which may only be
weakly differentiable in time. We remark, however, that the rigorous proof
follows applying the method to approximating sequences to solutions, similar
to those constructed for the Navier-Stokes equations by Leray [12], and by
Caffarelli, Kohn and Nirenberg [2] in case n = 3; by Sohr, Wiegner and von
Wahl [22], and by Kajikiya and Miyakawa [7] if n = 2,3, 4. The decay results
established for the approximating sequence will be valid for the limiting weak
solution.
We begin introducing some notation. Let

H=(Hy,...,H,)=(u-V)u—(B-V)B+ Vp,

M=(My,....M,)=(u-V)B—(B-V)u,
so that the MHD equations become

w—Au=—H+f.B,—AB=—M.

Fourier transforming with respect to the space variables and solving the
resulting first order equations in time, we get

A

i1 = Wage) — [ IR (F(g ) — (€ 9)) ds

(8)

N

BEt) = By — [ I Nr(e, ) ds.
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Since V.-u=V.B=V.f=0, applying the divergence operator to the first
set of MHD equations gives
n 82

Ap = — . — B.B;
p et al’kal’]‘(UkUJ k ])7

where we used

0? )
V-((v-Vw) = 2 7axkaxj (vpw;) ifV.-v=0.
Hence .
ﬁ(f?t) = _Wz&cf} (U/ka] — BkB]) . (9)
kg

Notice also that

(U-V)wzzai(vjw) fV.v=0.
5 Yt

It follows that
H(g ) = i) ¢ (wu—B;B) —@'Z% (s — BiBs) €
j ;
Mg ) = Y& (5B~ Bju).
j
Setting

apj = uglj, by = BBy, cyj = By,

we write all this in a somewhat more compact way introducing the n x n
matrices A = [Ag;], C = [Ck], 1 = [px;], where

Akj(f? t) = akj(f? t) - bkj(f? t)v ij(f? t) = ckj(f? t) - cjk(fa t)v

and

)

Then

H(fvt) = Z([—/,L(f))A(f,t)f,
B(E1) = QO
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Since
| (&) + b (6, 1) < ikt l|oo + || BBl < (2) 7 (||usuy]|y + || BeBj|l1)
< )72 (Jurll2llwgllz + 1Bzl Bsll2)

we see that

AEDE < 23X (larg (601 + by (0P < 220)7 ()12 + 1BOIZ)

k.
(10)
for all £ € R™, t > 0; since u(&) (hence also I — p(§)) is an orthogonal
projection matrix for each £ € R"\{0}, we get

(¢, 0| < 22m) 77 (lu() + I1B@)I3) [¢] (11)
for all (£,¢). Similarly,

C(& 1)< 4; e (€01 < o) (lu@IZ+ IBOIE).  (12)

so that )
(&) < 2m) 7 (lu@)] + 1BIE) 1€ (13)
for all ¢, 1.
We denote by (v,w) the solution of the (HS,f) system with the same
initial datum (ug, Bo). We set D = (Dy, D3) = (u — v, B — w). We now

obtain several auxiliary estimates which will be needed later. First we have
d d
ZIPWOIE = =PI + [1D2(0)]1)
— 2<D1,AD1 - H> —|— 2<D2,AD2 - M>

Recall that the form (u,v,w) — (u, (v- Vw)) is skew symmetric in the first
and third entries (if w,v,w are divergence free), moreover divergence free
vector fields are orthogonal to gradients. We thus get, after some integration

by parts,
%HD(t)H% = 22IIVD®)||5 = 2(Dy,u-Vo)+2(B,B-Vv)—2(B,u-Vuw)
+2(u, B - Vw)
(14)
= 2|[VD@)||5—2(D1,u-Vv)+2(Dy, B-Vuw) —2(Dy,u - Vw)
+2(Dy, B - V).
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We proceed to apply the Fourier splitting method. Let g(¢) > 0 for ¢t > 0 (to
be determined later) and let G(t) = exp(2 [* g(s)*ds), so that G' = 2¢*G.
By (14),

d

= ([GOIDMIE) = 2AgPIDOIE — IV D)3~ (Dru- Vo)

+ (By, B-Vw) — (Dy,u-Vw) + (D, B-Vu)]G(1).

Estimating each of the last four terms on the right hand side by

(g1, (g2 - V)@3)| < Hlall2]lq2ll2]|Vgal|
we get

% (G@OID@I3) < 260) (9 IDWI3 = IV D()]13)
(15)

+2(2) (Jlu(t)]13 + !\B(t)!\§)1/2 D@21Vl + [[Veoll)

For some of our results it suffices to use a simpler inequality. Noticing that
(D1,u-Vv) = (u,u- Vo) and using the first inequality in (14) we get (esti-
mating as before)

d

7 (GOIDMIZ) < 26(8) (g PIDWIE — IV D(0)]3)

(16)
+2G() D)2 (Jle(t)]13 + !\B(t)!\§)1/2 IVolleo + IVe0]loo)

Now, by Plancherel’s theorem,
g DNz = IIVD®)z = /Rn(g(t)2 — [EP)ID(E ) dé
(g(t)* — [E7)D(E 1) dé

l&1<g(t)
g0 [ D& de.
l&1<g(t)

VAN
—

IA
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This inequality is used to derive both the upper and the lower bounds for
the decay of the L*-norm of (u, B). Using it in (16), we get
d R
—GtDt2<2t2Gt/ D HPd
7 ([GOIDOIE) < 2060 | IDEDI d
(17)

+2([[lu@)Il + IBOID UVl + [Vl )G ().

For the purpose of finding upper bounds, it will suffice to bound

[ 1Dt de
l€]<g(t)
as follows. Since
Dlt — ADl - H,th — ADQ - M

and D(0) = (0,0), we have (Fourier transforming and solving the first-order
equation in t)

D&t = - /()te‘(t‘s)'g'Qﬁ(&,s)ds,

Dut) = — [ eI ) s

By (11), (13) ,

. . . t
IDED] = (1DED +1Du(E0F) " < Culel [t + 1813 ds,
(15)
where from now on €, denotes a constant depending only on the dimension
n, not always the same in all formulas.

We are ready to prove our result on upper bounds. It can be summarised
by saying that the solutions of the MHD equation decay at the same rate as
the corresponding solutions of the heat system; the difference D(t) decays at
a faster rate.

Theorem 3.1 Let (ug, Bo) € H x H, and let f € L*(0,00; [L*(R™)]") N C,,
v=n/d+a/2+1, and 0 < a <n/2+1. Assume that the solution (v,w) of
the (HS,f) system satisfies

lolz + ez < K(t+1)™ (19)
for all t > 0, some constant K > 0.
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1. There exists a constant C, depending only on the L*-norm of the initial
datum (ug, By), on the L'(0,00; L*(R™)"*) N C,-norm of f, and on K
such that

lu(llz + 1Bz < Ct+1)7™
fort>0.

2. If1 <a<n/2+1, then there is a constant C, depending only on the
L*-norm of the initial datum (uo, Bo), on the L'(0,00; L*(R™)*) N C,-
norm of f, and on K such that

1D < Ot 4 1)~/ if 1l<a<n/241 ,
2= O+ DT 1 4 log*(t+ 1)) if a=1 :

fort>0.
Remark. Note that if f € A,NB, with > (1/2)(a+2) and 0 > a—n /242,
then (19) holds (see Lemma 2.4).
Proof. All constants C', (1, Cy, appearing in this proof depend only on the di-
mension n, the L*-norm of the initial datum (ug, By), the L'(0, 00; L*(R™)")N

C,norm of f, and on K. We write ¢(¢) = |[u(?)||5 + ||B(®)|3, ®(t) =
[y ¢(s)ds. The energy inequality implies

B0 < o(0)+ [ IFW)l2dt =C
for all t > 0; hence ®(¢) < Ct for all ¢ > 0. By (18),
D(E1)] < Cp(le];
hence

/|s|3g<t> ID(E D de < Cncl>(t)2/

€17 dE < Cad(t)*g(t)" . (20)
l€1<g(t)
Using this in (17), we get

d

o (GOID@)F) < Cu gty (1) + 20(0) (I V0(8)]|oo + [ Vr0(0)]lo0)] G-
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We estimate the last term on the right by Lemma 2.6 obtaining

d

= (GOIDWIE) < C gty ™e? +(t+ 17T 5 26(0)] G, (21)

We now select g(t) = (v/2(t + 1))1/27
G(t) — e?fotg(s)2 ds _ (t + 1)’77

where v > g + 2. The last displayed inequality becomes

L+ 1 IDOIE) < OB+ 1)7E L Coln )T (22)

The choice of v insures that all powers of ¢+ 1 appearing in the last inequality
are positive. Integrating from 1 to ¢, we get (® is increasing and ®(¢) >

Ji d(s) ds)

(1IP0I < ZUDWIE+C [ (s 4+ 1) ds o

n a

O+ 1) s /It 6(s) ds

By the energy inequality satisfied by solutions of the MHD equations, and
by the corresponding one for solutions of the heat equation, we can estimate
the L?*-norm of D(1) = (u(1) — v(1), B(1) — w(1)) in terms of the L*-norm
of (ug, By) and the L'(0,00; L*(R™)") norm of f. We thus get, dividing by
(t+1),

1D < CU+ 1) +C(E+1)737 00 + C1L+4)7575720(1) (23

for ¢ > 1, hence also for ¢ > 0 since ||D(t)]|5 is bounded for all ¢ (by the
energy inequality). Using (u, B) = (v,w) + D, we get

o(t) = [z + 1B < 2oz + 2w®)]l; + 2] D)3
< 2K(t+1)7" + 2| D)2
< 2K+ 1)+ CU+ D)+ CU+ 175 (1) + C(L+ )5 3770(1).
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Since v > g + 2 > «a we can replace (1 + 1)77 by (t + 1)~ and get (notice

11
that oo
a4+2+2 2(2

BI) < Crlt+ 1) + Colt 1) 210 (0) (21)
We claim that lims_,, ¢(t) = 0. Since ¢ is bounded, hence ®(%) is bounded

by C't, this is clear from (24) if n > 3. For n = 2, we proceed as in [19] for
the Navier-Stokes equations: We return to (21), taking now

o0 = 5 1)ig(t S Gl= eXp(Z/:_lg(s)zdS) —log®(t + 1).

Instead of (22) we get

+1+a))

d a
S ot 4 DIDOIE) < O+ D0 + O+ 1) E6(1) log?( + 1)
C
< < log®(t 4+ 1),
S ittty
where we have used again that ®(¢) is bounded by Ct. Integrating from 0 to

t, we get

tlog®(s + 1)
+ 1)

Dividing by log”(t 4 1), we see that lim;_. [|[D(t)||s = 0. The claim follows

since

log®(t + 1)|| D(1)|)? < C'log(t + 1) +0/ 2 ds < Clog(t +1) +C.

G(t) < 2K(t+ 1) + 2| D(1)]l3.

Moreover, it is clear from all these bounds that the rate of decay of ¢ at oo
(as defined in the Appendix, after Lemma 6.2), depends only on K, the L*-
norm of (ug, By) and the L*(0, c0; L*(R"™)™)-norm of f. This holds for n = 2
as well as for n > 2. We can now apply Lemma 6.2 of the Appendix (with
A=14+n/2,s0 A > 2 and min{a, A} = «) to conclude the proof of part 1
of the theorem. To prove part 2, we assume o > 1. We use (15) instead of
(16), which allows us to replace (17) by the improved version

CCOIDWIE) < 200°G) [ DD

é1<a(t)
(25)

+20(8) 2 D) |21V 0o + [IVe0]| )G (2)
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Working as before, using (20) to estimate the first term on the right hand
side of (25) and invoking Lemma 2.6), with g(¢) = (v/2(t 4+ 1))61/2, G(t) =
(t 4 1), we get instead of (22),

% (£ + VD)) < CRHt+1)EH4CH() 2| D(1)|o(t4+1) 57554,

We integrate from 0 to ¢, estimating (by part 1), ¢(¢) by C'(t+1)~* and also
(as before)

/Ot (I)(s)?(s + 1)_%—2+w ds < q)(t)z /0’5(8 N 1)_g_2+w ds
= (=g = DR ((E+ )TE 1) S CO@ i+ 1)TET

We get, after dividing by (£ + 1)

t n

D@ < CRP0+ 1073 4 O )7 [ (s 4+ )T Dls) o ds

Setting Y (1) = supgc (s + 1)"/441/2 the last inequality implies
V() <Co@)+Ct+1)°Y (),

thus
Y(#) <Co(t)+C(t+ 1),
Since

¢ ¢ fa>1
MﬂZAW@“3{0@u+Uimzl

for all ¢ > 0, part 2 follows at once. O

The following corollary summarises the consequences of Theorem 3.1
which will be needed in the sequel. The hypothesis [ € C(,43)/; insures
feC, forv<n/d+a/2+1,a=n/20ra=n/2+1.

Corollary 3.2 Let (ug, By) € H x H, and let f € L'(0,00; L*(R™)") N
Clny3)/2- Assume that the solution (v,w) of the (HS,f) system satisfies

@5 + llw@)ll; < K+ 1)~

for all t >0, some constant K > 0, where « =n/2 ora =n/2+ 1.
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1. There exists a constant C such that
(oI + IBOIE < €t + 1)
fort>0.
2. Ifn=2and a =n/2 =1, there is a constant C, such that

D)2 < C(t+1)"2(1 + log?(t + 1))C (1 + 1)7>/2

fort>0.
3. Ifn>2o0rifn=20but a=n/241=2, there is a constant C, such
that
D@z < Ce+1)7=
fort>0.

We would like to mention that the result |D(¢)|3 < C(¢ + 1)_”/2_1, in
the case in which D(t) is the difference between a solution of the Navier-
Stokes equation and the solution of the heat equation with the same initial
datum was first established by Wiegner [24] for n > 2, using a different
approach. It is also worth mentioning that Zhang Linghai has recently made
some improvements to the the Fourier splitting method for n = 2 (cf. [25]),
which we have used in our proof above.

4 The lower bounds

In this section we derive lower bounds for the decay rate of the L*-norms of
solutions to the MHD equations. Our lower bounds take the form

o(t) = llu@®I; + I1BOIS = CE+1)™

for t > 0, where C' > 0 and o =n/2 or @ = n/2 + 1 (see below). We assume
from now on that our forcing function is in the set

f == LI(O, Q] LZ(Rn)n N Wl) N An/4_|_4 N B4 N C(n+3)/2.

The choice of this set is motivated by the immediately verifiable fact that
if f € F, then f satisfies the hypotheses of Lemma 2.5, Lemma 2.6 and
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Theorem 3.1 with @ < n/2 4 1, and Corollary 3.2. We need something like
f € LY0,00; L* N W) to be able to apply Lemma 6.1 of the Appendix.

We may assume that our solutions are smooth. In fact, a general solution
can be approximated by smooth solutions, and it is an easy matter to verify
that such an approximation can be done without affecting the constants
appearing in our estimates. It follows that general solutions satisfy the lower
bounds for a.e. t. However, we notice that by the results of the last section,
since ¢(t) decays in time, we can find ¢, > 0 such that ¢(¢) is arbitrarily
small for ¢ > tg. By the energy inequality (2), ¥(¢) = ||[Vu(t)||3+ |[VB(1)]3
is integrable over 0 < t < oo, hence liminf;., ¢ (¢) = 0. It follows we
can find tg > 0 for which ¢(o)1(to) is arbitrarily small. It is a well known
classical result that, for 2 < n <3, the solution (u, B) is smooth for ¢t > t¢ if
&(to)1(to) is sufficiently small (see [12], [6] for the case of the Navier-Stokes
equations, the MHD case is similar). For n = 4 it is also known that, for
t sufficiently large, the solution is strong. The lower bounds are then valid
everywhere for ¢ > t3. Since we are assuming that our solutions satisfy
the strong energy inequality (hence cannot vanish for some ¢ without also
vanishing for all ¢ > t),the lower bound also has to hold everywhere for
t < tg, possibly with a smaller positive constant.

The case a = n/2 is easily dealt with. Assuming that o(0) # 0 or
BO(O) # 0, we proved in the last section that

D@3 < Ct+1)™ i n>3
D)2 < Clt+1)"* 1 +log*(t+1)) if n=2,

while, by Lemma 2.5, ||Jv(¢)|2 > C(t + 1)7"/2. It follows that
(I3 + 1BOIZ > O+ 1)~
and, in fact,
lu(t)]3 > C(t+ 1)~

if 4o(0) # 0,
B> Ct+ 1)
if BO(O) # 0. Thus we will assume for the rest of the section that @y(0) =
Bo(0) = 0.
The proof of the lower bounds is based on Fourier analysis of the equations
satisfied by the difference between the solution of the MHD equations and

28



the solution of the heat system with the same initial data. We begin with
two auxiliary Lemmas. The first one calculates the value of the constant o,
of Lemma 2.3 for the solution of a heat equation whose initial value is u(T).

Lemma 4.1 Let P(&) = 1 — u(&), where I is the n x n identity matriz and

_
RISk

for & = (&1,...,6) € RM\{0} and assume S = (sg;) is a symmetric matriz.
Then

() (k&i)i<h,i<n (26)

7.[.71/2 ) )
o= - P(w)Sw + Swdw = n(n—l——Z)F(%) (%(Skk — i)+ Qngﬁ;&w‘ )

Proof. We shall be using the following easily established formulas:

27Tn/2
2d - =
/gm R T(E)

fork=1,...,n;

7.rn/2 . .
s i1k

2 2 _
/ Wiw; dw =
Sn—l

an/2 . .
n(niz)r(g) if k=

for 1 <k,j <n. Since S is symmetric, we get for w € S"71,

(I — p(w))Sw - Sw = Z SkpS jpWpW; — Z ShipS jqWpWgWEW; - (27)

k.g.p k.j3,pyq

We integrate over S™~! noticing that only terms in which all powers of the
wy’s are even have non-vanishing integrals. In the first sum appearing in
(27), these are the terms with & = j. In the second sum, we have to consider
the terms for which all indices are equal and the terms in which the indices
appear in pairs. We get

/gn_l([ — p(w))Sw - Sw dw
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= Zsz7j/n_l w? dw—Zszk/n_l wi dw — Z (QSkijj+4Szj)/S ) wkw 2 dw
k.j k

1<k<i<n
2/ 6/ 2/ 9 2/

= Z‘Sky F(% Z kk ‘|‘2)F(% ZSkk ]JTF(%)_QZSMTL(TL—F—Q)F(%)'

k#j k#j

Decomposing now
Zsk] Zskk + ZSJW
k.g k#j
grouping terms together and using
1

(n—1)D sip — D skesj; = 5 > sk —si5)%
k

ki [y

the expression for oy follows. O

The Lemma we have just proved will be used to calculate the constant
o1 of Lemma 2.3 for solutions v of the heat equation with forcing function f
and initial datum u(7'), for some T" > 0. In this case, we will have S = A(T),
where, for ¢ > 0, we define the n x n matrix

t

A(t) = [Ay ()] = / A0, ) ds.

0

We will also need the n x n matrix
¢

(1) = [ (1)] = / (0, ) ds.

0

In these formulas, A, C are the matrices defined in Section 3. By (10), (12)
and Theorem 3.1, we see that A(£,-),C(,-) € L'(0,00) for every £ € R™ if
either n > 2 or if n = 2 and ug, By have 0 averages. In estimating the solution
of the heat system with initial value (u(t), B(t)), for some ¢t = T > 0, the
following quantities play a role. We define for ¢t > 0,

/2 2 9
Fi(t) = WL (Z (Awe(t) = Az ()" +2n > Agi(1) )

3) \izs =y
and
27‘['71/2 (63% . )2 27‘['71/2 aéok . ’
Ko(t) = — 0) — 2Cpr;i(t = 0) — 1Cy; (¢




The first quantity, k1, comes directly from applying Lemma 4.1. Both quan-
tities, k1 and k9, are related to the first order terms of the Taylor expansion
of the Fourier transforms of u, B as is made explicit in the proof of Theorem
4.5. Notice that if u, B are real valued (as we assume), then the matrices
A(t), C(t) are real. In fact, all entries are Fourier transforms evaluated at
£ = 0 of real valued functions. Notice moreover that (6/6&)3%(0) —1Cr; (1)

is purely imaginary. We also define
K(t) = (1) + alt)

and

Ri = Ki(o0) = t1i>r<£lo ki(t) fori=1,2,

/% — /%1 —|— /%2.
By the remarks following the introduction of A,C, the functions Ayg;(t),
Ci;(t), are integrable over [0,00), hence & is finite (recall that we are as-
suming that @o(0) = By(0) = 0, which is needed for integrability in case
n =2).
Definition. Assume (ug, Bo) € [HNW1(R™)"]?, f € F and let (u, B) be
the corresponding solution of the MHD equations. We say (u, B) € M iff

1. D¢tig(0) = 0, and

2. k£ =0.
We say (u, B) € My iff
9 Bo
1. 0)=0for k=1,...,n, and
75, (0)
2. ke = 0.

We set M = M; N M,. Note that by the definition of £, and &, a pair
(u, B) has &y = &y = 0 if and only if the matrices A,C of the Introduction
satisfy A is scalar and C coincides with (x, By). It follows that the set M is
a subset of the set My of the Introduction.

We note that M, is very small. More precisely, if (u, B) € [L* (0, oo; LQ(R”)”)]Q,
then generically (u, B) € M§. To see this, we set

IL = {(u.B) € [ (0,00 (R")")] Ay — Ay = 0],
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2
[ = {(w, By € [L' (0,00 LAR™)) " Ay = 0},
for 1 <i# j <n and set

1 1 2 2

1,77
We then have
Lemma 4.2 The manifolds I'y and 'y are transversal.

Proof. To show that I'! and I are transversal it suffices to show that any two

submanifolds I'} ;, T'? are transversal. This will be established by showing

that '}, can be obtained from I'}; by a double rotation by an angle of 45°
(and vice-versa). Let

L (1 -1\, (@ o
05 e (38)
Set (vi, v, w;, w;) = Q(u, uj, By, Bj)'. A simple computation yields

1
Vv — W Wy = 5[(u2 — B?) — (u? — BY)).

K3 K3 7 7

The pair(u, w) with vy = ug, wr, = By, for k # 1,7, v;, v;, w;, w; defined as
above, is thus in I'};. Since the eigenvalues of the orthogonal matrix @, are

equal to 1/4/2(1 £1), we see that @, is a rotation by an angle of 45° and @
is the double rotation we were referring to above. O

Corollary 4.3 Let (u, B) € [L' (0, 00; L2 (R™)™)]*. Then generically (u, B) €
Me.

Proof. Immediate; it is just a restatement of Lemma 4.2 O
We will also need the following auxiliary lemma.

Lemma 4.4 Let V be an n X n matriz of complex entries, let B be a sym-
metric n X n matriz of real entries. If for every w € S™™! we have

Vw—i(l — p(w)) Bw=0,

then V =0 and B is a scalar matriz.
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Proof. Let w be an eigenvector of B. Noticing that p(w)w = w, we get
Vw = 0. Since B is real symmetric, it has a complete set of eigenvectors and
it follows that V' = 0. It is not too hard to see that for every w € S™71 1
is an eigenvalue of multiplicity one of p(w) with eigenvector w. Since now
Bw = p(w)Bw we conclude that Bw = Aw for some A € R. This proves that
every vector is an eigenvector of B, which is only possible if B is a scalar
matrix. O
We now prove our main theorem.

Theorem 4.5 Assume2 <n <4 andlet f € F, o« >n/2+1. Let (ug, By) €
[Hn HY (RN LY R™)" N W, N Ws)* (which, by Borchers’ Lemma B implies

/ up(x) de = / Bo(x)dx = 0).
Let (u, B) be the corresponding solution of the MHD equations. Then
1. If (u, B) ¢ M, then there exist positive constants My, My such that

Mo(t + 1) < lu(®) 13+ 1B < Myt +1)7271

2. If (u, B) € M, then for every € > 0 there exists T, such that
()2 + | B(1)]]2 < e(t + 1)~/*

fort>T..

Proof. We will denote by O;(£) a quantity depending on &, ¢, bounded in
|€] < 6 for each t > 0, where § > 0 depends only on f. (If f =0, then one
can assume O;(&) is bounded for all £ € R".) Since A, C are continuously
differentiable in ¢ with bounded partials (cf. Appendix, Lemma 6.1; here is
the only place where we need to assume n < 4), A(&, 1) = A(0,1) + O(&)|€],
C(&t) = C(0,t) 4+ O:(8)|€]. Tt follows that

H(&t) = i(1—u(&) A0, 1)€ + O(&)IEI, (28)
M(&t) = iC(0,1) + OuIEI. (29)

We use this expansion in (8), as well as the fact that since f € F we have

A

F(E,1) = O0(8)|E*. In addition, we expand g and By in Taylor series around
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the origin up to terms of order 2 (the hypothesis (ug, By) € Wi implies that
tg, By are twice continuously differentiable with bounded partials) and use

that e~ =1 4+ 0,(€)|¢]>. We get
A€ t) = do(0) + Detin(0) — i(1 — u(€) A1) + O(EIE,  (30)
B(&t) = Bo(0) + D Bo(0)6 —iC(t)E + O4(€)I¢[, (31)

where, for an R"-valued function g of the variable £ € R™, D.g denotes the
Jacobian matrix with (&, 7)-th entry dgi/0¢;. For part 1, set

P(&1) = Deiio(0) — il — p(§)A(L),
PyEt) = Po(t) = DeBol0) — iC(t),

N

so that (since to(0) = Bo(0) = 0)

ﬁ(fvt) = Pl(f? ) —I_Ot( )|§|2
(32)
BlE.) = P&DE+0u(E)IEP
Observe that if Dgtg(0) = 0, then Pi(&,t) = (1 — p(€))A(t) so that by
Lemma 4.1
/S Py (w, Dl deo = (1),

while a simple computation shows that

wa(t) = [ 1Pl do

for all t > 0. Assume first &1 > 0 or Dgto(0) # 0. We claim that there exist
To > 0, p > 0 such that

/ |Py(w, t)w|? dw > p (33)
Sn—1
for all t > Tg. In fact, otherwise
lim inf | P (w, t)w]? dw = 0.
t—00 Sn—1

Since A(0,-) € L'(0,00), we can define

A= /0 A(0,5)ds = Jim A(t)

34



and get
/" | P (w)w]? dw = 0 (34)
Sn—1
where . .
P1(€) = Deiig(0) — 1(1 — p(€))A.
Since P; is homogeneous, (34) is possible only if ]51(§)§ =0 for all £ € R"\0.
By Lemma 4.4 we conclude that Dgtig(0) = 0 and A is a scalar matrix (i.e.,
k1 = 0), contradicting our assumption. The claim is established. Assume

now Rq > 0; then (since P, does not depend on §) it is clear that there exist
To > 0, p > 0 such that

A%Jg@m%mzp (35)

for t > Ty. It follows that with the hypothesis of part 1, one of (33), (35)
holds. Let T > Tp (to be determined later) and let (v(t),w(t)) be the solution
of the (HS,f) system with f replaced by fr = f(- +7) and initial datum
(v(0),w(0)) = (w(T), B(T)). In view of the representation (32) (with t = T)
of the initial datum of (v,w) we get from Lemma 2.3 that there exists a
constant ¢, > 0, depending only on n,d, such that

()3 + [[w(®)]]5 > copt T 4 O(t—n/2—3/2)‘

We set D(t) = (D1(t), Da2(t)) = (u(t +T), Bt +T)) — (v(t),w(t)) so that D

satisfies
Du(t) = AD(t) — Ht+T),Du(t) = AD:(t) = M(t+ 1),

and D(0) = 0. We will apply the Fourier splitting method, taking this time
g(t) = (v/(2)'2, G(t) = 17, t > max{1,v/(26%)}. Inequality (17) is still
valid, with u(t), B(t) replaced by u(t+T'), B(t +T'). The squares of the L?-
norms of u(t+ 1), B(t+ 1), v(t), w(t) decay at the same rate as t~/>~1 for
t — oojusing Lemma 2.6 to estimate the L*-norm of Vv and Vw, inequality
(17) implies

d .
oy 2} -1 2 y—n—2
g (CIDWIE) <07 [ IDIE D de + O (36)
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where Cr is a constant depending on T'. Inequality (18) also holds in this
case, once more with u, B translated by T} i.e.,

D& 0] < Clel [ (uls+TEHIBE+T)E) ds < Cll [ )+ B) ) ds.

Since ||u(t)||2,]|B(t)||? behave like t=/2=! for t — oo, we get

D¢, 1)) < e T2,

Thus )
| 1DEDI de < CT €2 = T
202 < 20l <
Using this in (36) gives
d o .
@@WMW@SCTt””2+@ﬂ 5

Taking v > n + 2 large enough so that all powers of ¢ in the last inequality
are positive, integrating from 1 to ¢, and dividing by t” gives

D)2 < CT—t= /271 4 Ot~

where (', C'r depend now also on v and we collected all terms with powers
of 77 into the last term. Taking now T large enough so that the coefficient
CT=" of t="/2=1 in the last inequality is less than icn,o, we get

lu(t + T3+ 1B+ D)5 > ([[o(@)z + [[w(t)]l2 = 1 D()]]2)*
> %(Hv(t)ﬂg + lw(®))13) = 1D@)|)5 > icnlot—nﬂ—l L OBy

proving part 1. For the proof of part 2, it suffices to observe that if we set
m@:/’Jawﬁwﬁm+/ | Py(t)]? deo,
sn= sn=

then, under the hypotheses of part 2, limi—., o1(¢) = 0. In fact, since (1) =
D¢ Bo(0) —iC(t), it is clear that

lim | Py(t)w|? dw = 0.

t—00 Sn—1
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Concerning the other surface integral, notice that, since we are now assuming
Detip(0) = 0, we have (as remarked in the proof of part 1)

/S Py, t)w]? do = ko (1)

The assertion about oy follows, since we are assuming £y = limy_,. k1(t) = 0.
By Lemma 2.3, taking T large enough so

dnal(T) S

Y

] o

where d,, = (%)”/QHF(n/Z + 1), so that by Lemma 2.3 (see inequality (6)),
letting again (v(t),w(?)) be the solution of the (HS,f) system with initial
datum (u(T), B(T)), we get

Hv(t)Hg + Hw(t)Hg S it_n/z—l + O(t—n/2—3/2)

for t — oo. We define and estimate D(¢) as in part 1. Taking 7' large enough,
we get

¢
1Dz < 7177+ 007,

The result follows applying the elementary inequality (a + b)* < 2a* + 2b%.
O

Remark. It should be emphasized that while it may be difficult to always
decide when a given solution (u, B) is not in M, there is a trivial way of
getting solutions not in M and which, therefore, satisfy the conclusions of
part 1 of Theorem 4.5. In fact, it suffices to select the initial datum (ug, By)

so that
/R" up(x) da = /R" Bo(z)dx =0,
but there exist 7, k such that
/Rn xjuor(x) de # 0.
In fact, in this case Deto(0) # 0.

Noticing that in the proof of Theorem 4.5 the roles of v and B can be
kept fairly independent, we actually proved
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Corollary 4.6 Let f € F. Let (ug, Bo) € [H N W1]* and assume that

/n up(x) da = / § Bo(x)dx = 0.

Let (u, B) be the corresponding solution of the MHD equations. Then

1. If u ¢ My, then there exist positive constants Mgy, My such that

Mo(t +1)7"270 < Jlu(®); < Ma(t +1)7/271

2. If B¢ M, then there exist positive constants My, M3 such that

My(t+ 1) < B3 < Ma(t +1)7"27"
Notice that if #(Vie(0)) # 0, then u € M.

5 The counterexample.

Assuming an even number of space dimensions, we present an example of a
solution (u(t), B(t)) to the MHD equations, subject to initial data in the class
M of functions with radially equidistributed energy, which is exponentially
decaying in both the velocity and the magnetic field component. This is
achieved by first constructing functions u which are simultaneously solutions
to the MHD equations and the heat system, and are such that (v - V)u is a
gradient, i.e.:

u—Au = —(u-Vi)u—Vp.
By letting (u(t), B(t)) = (u(t),u(t)), we obtain a solution to the MHD equa-
tions, since then (u-V)B — (B-V)u = 0 and By = AB. The problem is,
therefore, reduced to constructing a radial solution u(t) of the heat equation

which decays exponentially.

Theorem 5.1 Suppose that n is even and let
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1. w:[0,00) x R — R be such that the function v(x,t) = w(|z|, 1) is
a solution of the heat equation vy = Av; so

n—1
Wy = Wy + " Wr;

2. g(r,t)=r=" [y s"tw(s, t)ds;
3. A= (a;) is an n X n matriz with real entries such that
A* =\l for some X € R,
2'Axr =0 for all z € R".
Then the function u(x,t) = g(|x|,t) Az satisfies:
a) u, = Au;
b) there exists a function p such that (u,p) is a solution of the Navier-Stokes
equations

u —Au+ (u-Viu+Vp = 0,
V-u =

Remark. Let us note that, since we are assuming n is even, such a matrix A
can be constructed by choosing, for example,

T 0...0
A O T...0 7
O 0...T

where T is the rotation matrix
0 1
0]

For n odd, no such matrix can exist.
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Proof. Denoting by A; the j'* column of the matrix A, it is easily seen
that

du T;

% = (gr%)(Ax) + gA;, (37)
J

0*u x? r? — a2 T

W = (grrr_;)(Ax) + gr 3 LA + 29, 7]‘4] (38)

J

We note that the ;' component of i wjAj s

(Z %AJ‘) =Y _wjai; = (Az);,
Jj=1 i Jj=1
so that .
Z J}]‘AJ‘ = Al‘
7=1
Using this in (38), we obtain

n+1

Au = (g + 2L g (A0, (39)

Since u; = g:(Ax), in order to prove a) it suffices to see that

n+1

gi = Grr + gr. (40)

To establish (40), let us first notice that

n—1

l-n/ n—1
Wy = Wyp + Wy =T (T wr)m

7

so that

and
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Thence

n+1 o 1 e T
Grr + g = r"1 [r”"’l(—w—nr " 1/ s" 1wd3)]
r r 0 r
1 " 1
= ¢ " [r”w - n/ s wds]
0 r
—n—1 n n—1 n—1 1
= r [r w, + nr w —nr w} = —W,,
r

and hence (40). From (37) we have that

8ui

Ut
j
1 D

hE

(u-Viu, =

ECH
Il

.
g(Ax); [grf(Ax)z’ + gag;

o
Il
—

I

1
= —ggr(xtA:I;)(Ax)i + gz(AQ:L')Z'.
-

Consequently,

1
(u-V)u= ;ggr(xtAx)Ax + g*(A%z).

By our hypotheses on the matrix A, we obtain
(u-V)u= Mgz,

hence

0 J
8—:1;]((u - V)u); = )\a—wj(g i) = 2799,

Ly

L 25 _ i ) :
42t = (- V),

so that (u - V)u is curl-free. This implies the existence of a function p such
that

Vp=—(u-Vu.
Thence
ur — Au+ (u-Viu+ Vp=0.

Finally,
Vo u = V(lal,t) - Az + gllal, )Tr(4) = 0,
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since Tr(A) =0 (by ' Az = 0 for all € R™) and Vyg(|z|,t) is parallel to .
O
We give two examples, based on this theorem, which illustrate that solu-
tions to the MHD equations in the class M can decay exponentially.
Fxample 1. Choose (u(x,t), B(x,t),p(x,t)) = (u(x,t),0,p(x,t)), where u
and p are the functions constructed in Theorem 5.1. Then

u—Au+ (u-Viu—(B-V)B4+Vp=u; —Au = 0,
Bi—AB+ (u-V)B—(B-V)u 0,

Vou = 0,

V-B = 0.

The essence of the example is that the function wu is the solution to the heat
system, and so, by choosing appropriate initial data, u can be guaranteed to
decay exponentially. Let us suppose, using the notation introduced in the
statement of Theorem 5.1, that v is a solution to the heat equation v, = Av
subject to the initial condition v(x,0) = wvo(x), where the function vq is
such that 09(£) = 0 for all £ with |{] < §. Then it is easy to show that v
decays exponentially, so that, by construction, u(x,t) = ¢g(|x|,t)Ax decays
exponentially.
Note that the matrix [m;;] with entries

mij(t) = /Rn(uzu] — BZB])dl' = /Rn uiujdx
is scalar for all ¢ > 0, and
eij(t) = / (UZB] — Bzu])dx =0t 2 0,
Rn

so that not only is the solution in M but satisfies a much stronger condition.

If we define

N = {(u,B) € [L*(R")] :
[/Rn(uiuj — B;Bj)dx] is a scalar matrix

and [/ (u;Bj —u;B;)dx] is the 0 matrix},
Rn
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we see that in this case (u(t), B(t)) € N for all ¢ > 0. We conjecture, in
fact, that this example (as well as the next one) is in some way typical :
(u, B) € M iff (u(0), B(0)) € N iff (u(t), B(t)) € N for all ¢ > 0.
Fxample 2. In this example we choose (u(x,t), B(x,t), p(x, 1)) = (u(x,t),u(x,t),0),
where u is a solution of the heat equation. Then

u—Au+ (u-Viu—(B-V)B+Vp = w— Au=0,
Bi—AB+(u-V)B—(B-Viu = B,—AB=0,
V.ou = 0,
V-B = 0.

Let us choose vy to be the same as in the first example. Then u(?) and
B(t) = u(t) decay exponentially in time. Now

mg;(t) = /Rn(uiuj — B;Bj)dx =0, >0,

and

€ij(t) = / n(uiBj — Biuj)de =0, t2>0,

so that the initial data is again in the class V.

6 Appendix

This section is devoted to the proof of some auxiliary results.

Lemma 6.1 Let 2 < n <4 and let (ug, By) belong to [H'(R™) N H N W>)?,
f e LY0,00; "W )NC, for some v > 0. Suppose that (u(t), B(t)) are reqular
global solutions of the MHD equations with initial data (ug, Bo). Then, for
all t >0,

|v§aij(§7t)| < C(t)v
[Vebis(€,1)] < C(1),
|v§ci](§7t)| < C(t)v

where a;; = w;u;, bjj = B/Z'Pj, and ¢;; = quJ Here C(t) depends only on t,
||wol|2, || Bollz and norms of f.
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Proof. Clearly,
Veaif(60)] < C [ Jalluuslde < C [ fa|lul* do.
R” R”
Similarly,
Vebi(6,0)] < € [ el Bl da
Veew(& 0] < € [ fellullBlde < € [ (elluf de + |a]| B) da.
It thus suffices to prove
°d B|?) dx < C(1). 41
[ el (juf de + 2| B) de < C(1) (41)
Dot-multiplying both sides of the first MHD equation with |z |u, of the second

MHD equation with |2|B, adding and integrating over R", we get after some
integration by parts

d 2 2 2 2 n—1 ul* + |B]?
G Jo A 1B e = = [l (190 4 VBP) de T [ e
. 2 . . . 2
L[ ety BB, L (ewlBt,
2/rn |z n |z | 2 Jrr |z |
— L(:Jc-u)palac—I—/ |z|u - fdz.
R" || Rn

In deriving this formula we used repeatedly that for divergence free vector
fields wy, wy,ws in HY(R™)™ we have

(wq - ws3)(x - ws)

" ]

dz.

/Rn || w1 - (w2 Vws) d:z;—l—/Rn || ws- (w2 V) de = —/

An obvious estimate now gives

d —1 1 1

2 Jne o]

2 [ fullBEde+ [ fullplde+ [ Jellullf] de.
R R R

= I+ I+ 1IT+1V+V (42)
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Integrals 11,111 and IV can be estimated by the L? norm of u times the
square of the L* norm of (u, B); i.e.,

[T+ T+ 1V < Cllullo(lulls + 1B]13)- (43)

This is obvious (using Holder’s inequality) for 11 and I11. For IV recall the

expression (9) for p in terms of u, B. jFrom it we get at once

pllz = 112l < 3 llus; = BiBjlla < Cllull(]ulls + 1B]17).
kg

If g > 2n/(n —1) we have

1 1 1
Lol + 1By de = [ (4 (B de+ [ (a4 B do
R |z] o<t || jol>1 ||
< Oz + 1B + (lulls + 1B13).
where

(4-2)/q
C = (/ |:1;|_q/(q_2)d:1;) < 00
=<1

by the choice of q. We thus have
1< C(Jlull2+ 1 BIE+ lJull2+11B]12). (44)

To estimate V' we recall that f € C, allows us to estimate |f(¢)| by C(t +
)™ < C for all t > 0 so that

V= [ el Rl de < C [l |1l de < C (1w, + )

(45)
By the Sobolev embedding theorem, H! is continuously embedded in L* if
2 <n < 4. Selecting ¢ = 2n/(n —2) if n > 3, ¢ € (4,00) if n = 2, we have
q > 2n/(n — 1) and, by the Sobolev embedding theorem, H' is continuously
embedded in L?. We can thus estimate the L* norm in (43) and both the L?
and L? norms in (44) by the H' norm. We also estimate the L* norm of u

in (45) by the H* norm of (u, B). We thus get from (42), (43), (44), (45)
d
DL ol + 1B de < € (Jufly, +1BTn) (4 Jull) + Ol (46
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We integrate both sides of (46) with respect to ¢t from 0 to ¢t. By the energy
inequality
t t t
/0 (lu) I + 1 B(s)l[70) ds = /0 (lu(s)]lz + 1 B(s)lI2) ds +/0 (IVu(s)llz + IVB(s)]l) ds
< t(lluollz + [1Boll2) + (luollz + 1 Boll2),
while .
L 1)l ds < .
We obtained
[ Jal(uf? + 1B de < Ot +1)

for all t > 0. Since this is an inequality of type (41), we are done. O
The following Gronwall style lemma was used in the proof of Theorem

3.1.

Lemma 6.2 Let ¢ : RT — R* be measurable and bounded. Let X > 2,
a > 0, and assume that there exist constants Cy, Cy such that

o(1) < ; fll)a - le)A (/Ot ¢(5)d5)2 (47)

for all t > 0. If limyo @(t) = 0, then there exists a constant C, depending
only on o, X, Cy, Cy, the sup norm of ¢, and the rate of decay of ¢ at 0o (as
explained in the remarks following the proof) such that

o(t) < C(1 4 1)7mimtet)
for almost all t > 0.

Proof. Assume first there exists § > 0, C3 > 0, depending only on «, A
and the rate of decay of ¢ at oo such that ¢(t) < C3(t+1)7°. If § > 1 then

/Ot o(s)ds < Cs /OOO(S + 1)_5 ds = 5€31

and the conclusion follows. If 0 < § < 1 (decreasing ¢ if necessary) we can
assume 0 < § < 1 and bound one factor of fj ¢(S)ds in (47) by C4(¢ 4 1)17°
to get

¢, GO
YOS e P sk A
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Ch = Cs/(1 —6). With o(¢) = (¢ + 1)*1H36(¢) we get

0(1) < Colt+ 177 0o [ (s 1) () ds,

Since |
s g L
A (s+1) . e
because A > 2, 6 > 0, Gronwall’s lemma implies
p(t) < Cy sup (s+ 1)/\—1+5_a .
OSSSt

with Cy = Crexp{CyC5 /(A =2+ 6)} A —145—a > 0, then (48) becomes
V(t) < (t4+ DA e, o(t) < (t+1)7°, proving the lemma. On the
other hand, if A — 1 4+ 6 — a < 0, then (48) becomes () < (4, hence
o(t) < Ca(t + 1)_0_1"'5). Since A — 1+ > 1 we are now in the first case
in which 6 > 1. The lemma is proved, modulo the existence of §, C3. To see
they exist, we use an argument suggested by the referee, which shows that
this starting ¢ can be chosen arbitrarily in the interval (0,1) N (0, a]. Given
such a d, we let € be such that 0 < € < (1 —§)/(4Cy). Set K = sup,sq ¢(t)
and let Ty be such that ¢(t) < e for t > Ty. Then, if t > Ty, -

(t) < Cy N Cs E (/OT1 ¢(3)d3—|-/;1¢(3)d3) /(Jf¢(3)ds

(t+ 1) (t+1
C4 20,

R T 1E (KT1—|-e(t—T1))/O (s ds

Ch 20, KT, 4
R E IR TESY ((t—l—l)A—l “)/o 9(s) ds

(where we bounded (t—T})/(t+1)*~* < 1). Selecting now Tp such that ¢ > T
implies Co KTy (t + 1)1~ < (1 — §)/4, recalling § < a and Cye < (1 — §)/4,

we get

S(1) < Ci(t+ 1) 2(1t—+51) /Ot (s) ds.

Setting now ¥(t) = supgc,<,(s + 1)°¢(s), we get

$l1) < Oyt g [ )7 dswlt) < O L),

2(1 4+ 1)
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thus ¥(t) < 207; ie., é(t) < 20,(1 4+ )70 for t > T,. This completes the
proof of the lemma O
Remark: If we define for € > 0

Ty(e) = sup{t : &(t) > e},

then we can call T, the “rate of decay of ¢ at co.” Notice that in the proof
Ty = T,(€) with € depending only on (s, § hence (since § depends only on «)
only on Cy, «). Since Ty depends only on A, T} and K (the sup of ¢), we see
that the constant C'5 depends only on «, A, Cy, (5, the sup norm of ¢, and
the rate of decay of ¢ at oo, and so do all the other constants appearing in
the proof of the lemma.
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