JOURNAL OF FUNCTIONAL ANALYSIS 144, 325-358 (1997)
ARTICLE No. FU963011

Energy Decay for a Weak Solution of the Navier—Stokes
Equation with Slowly Varying External Forces

Takayoshi Ogawa*

Department of Mathematics, University of California,
Santa Barbara, Santa Barbara, California 93106

and

Shubha V. Rajopadhye and Maria E. Schonbek

Department of Mathematics, University of California,
Santa Cruz, Santa Cruz, California 95064

Received December 20, 1994; accepted April 18, 1996

DEDICATED TO PROFESSOR KYUYA MASUDA ON THE OCCASION
OF HIS SIXTIETH BIRTHDAY

We consider the Navier—Stokes system with slowly decaying external forces

2
afltl+u~Vu:pr+Au+f in 1>0, xeR" (n=2,3,4),

; (NS)
divu=0 in t>0, xeR”

u(0)=a ’ ’

We show that the energy norm of a weak solution has non-uniform decay,

lu()l, >0 (t—0),
under suitable conditions on the data f and ¢ which make the energy of solution
bounded in time. Also, we show the exact rate of the decay (uniform decay) of the
energy,

fu(r), < C(1+1)7%

for external forces with a given explicit decay rate. ~ © 1997 Academic Press
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INTRODUCTION

We are concerned with the asymptotic behavior of weak solutions to the
Navier—Stokes equation,

0

ai;-i-u-Vuz—Vp—i-Au—i-f in 1>0, xeR" (n=2,3,4),

. (NS)
divu=0 in t>0 eR”

u(0)=a, o ’

where u=u(x, t)=(u;(x, 1), u»(x, t), .., u,(x,¢)) and p=p(x,t) denote
unknown velocity vector and pressure at point (x, 1) e R” x (0, o), while
a= a(x) = (al(x) a2(x)> Rt an(x)) and f:f(x) = (fl(x)’f2(x)> '"’fn(x)) are
given initial velocity and external force.

We shall discuss the energy decay problem of weak solutions to (NS):

lu(2)]|2 -0 as t— oo. (D)

This problem was originally suggested by Leray in his pioneering papers
[13, 14]. For the case f=0, Kato [ 10] gave the first affirmative answer for
strong solutions with small data. For weak solutions, Schonbek [19]
obtained algebraic decay for the Cauchy problem in R? for large data in
L'~ L? At the same time, Masuda [ 16] proved the non-uniform decay for
weak solutions satisfying the strong energy inequality (see (E) below) in
the general domain when n=2 and f'e L'(0, co; L*(R?)) or when n>3 and
f=0. When the external force /=0, the method in [19] was extended by
Kajikiya and Miyakawa [9] and Wiegner [ 26] for the case R" (n=2, 3, 4)
(see also Schonbek [20]). Other unbounded domain cases were treated by
Heywood [ 6], Borchers and Miyakawa [ 1], Ukai [25], Maremonti [ 15],
and Kozono and Ogawa [ 12] (for strong solutions see [ 3, 8, 11]; see also
a recent work by Carpio [29]). All these results are valid even if we con-
sider an external force with sufficiently fast decay. For example, if
1 (D),<C(1+1)~"*~" and feL™*(0, 0; W~"'(R")), then the energy
decays at the same rate as for f=0 ([19]). On the other hand, Miyakawa
and Sohr [17] showed the existence of a weak solution to (NS) in an
exterior domain in R” (n=2,3,4) which satisfies the strong energy
inequality

(1342 [ IVu(@) 3 de < )3+ [ 1<, umd e (E)

for almost all s>0 with s=0 and all 7>s. Using this inequality, they
extended Masuda’s non-uniform decay to the case where the external force
fe LY0, oo; L*(R")).
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In this paper, we first extend their results to more general external forces
and establish non-uniform decay. For that purpose, we construct a weak
solution which satisfies a generalized energy inequality (see Proposition 2.3)
by a method analogous to that due to Leray [ 14] and Caffarelli et al. [2].
The Fourier splitting method (see [ 19, 20]) combined with an argument
due to Masuda [16] on the generalized energy inequality yields non-
uniform decay (D).

Next we show uniform decay of the energy of the solutions,

(o)l < C(1+1)77, (UD)

for slowly decaying external forces. More precisely, we obtain uniform
decay (UD) for a class of functions which contain functions f satisfying

If(Ol,<Cl+n~"7° (0.1)
or
lf ()< C(1+1) 71272, (0.2)

where ¢ >0 is a small constant and r = |x|. We also need a condition on the
behavior of the external force:

feL™(0, co; W11, (0.3)

Interpolating the two conditions (0.1) and (0.2) for the decay of the
external force, we obtain a more general assumption on the external force
which will also yield a uniform rate of decay (UD) of the solution when
n=3,4.

We also discuss an alternative condition,

feL*0, o5 L"),

instead of (0.3), which gives us an another aspect for the uniform decay
(see Assumptions A.2 and A.3 in Section 1 for the details). We consider the
two-dimensional case at the end of Section 4, in which we need a slight
modification of the argument to obtain (UD).

Throughout this paper, the following notation will be used.

Let L2(R") and H (R") denote the completions of Cy, (Cg functions
with divergence free) in the L*(R")-norm ||-||, and the Dirichlet (homo-
geneous H') norm ||V - |,. We abbreviate them as L2 and H!. #¢ = ¢ and
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Z ~'¢=¢ denote the Fourier and the inverse Fourier transform of ¢,
respectively. We denote

b 1/q
L”(a, b; Lff):{f: (a,b)xR"—>R"; flm,l,b;w:(f f(r)lidr> <o<>}-

The notation ||-|;»s will be used for the norm of L?(0, co; L?).
H!=H!nLZ, H '=(H})* The symbol < -,-)> denotes the inner product
in L? Various constants are simply denoted by C.

1. RESULTS

We first recall the definition of a weak solution according to Leray and
Hopf.

DEFINITION. For ae L? and T> 0, we call u a weak solution of Leray—
Hopf type (Leray—Hopf solution) if and only if

(1) ueL™0,T;L>)nL*0, T; H}).

(2) For any 0 <s<t<T, u satisfies
j[ { —<u(z), @(7)) + u(z) - Vu(z), (7)) + {Vu(z), V(1)) } dt

= —u(1), P(1)) + uls), P J {fl), (7)) dr (1.1)

for all test functions @€ C'([0, T']; C{’,).
The external force fis assumed to satisfy the following conditions:

A.l. For x,eR", let

|x — xol, if n=3,4,

pP=p(x)= { (12)

|x — xo| (14 |log |x —x,l]), if n=2.

Suppose that for 0<y<1, 2<p<2n/(n—2+2y) (<o if (n=2)) and
0=4p/(2py +np —2n),

pfeL?(0, co; L),

where p’ and 0" are the conjugates of p and 0.
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Then the decay result reads:

THEOREM A (Non-uniform Decay). Let n=2,3,4 and aec L*. Assume
that f satisfies A.1. Then there exists a weak solution u of (NS) satisfying the
strong energy inequality

(342 [ IVu(e) 3 de < )3+ [ 1A, > de (13)

for almost all s>0 with s=0 and all t =s. Also the energy of the solution
satisfies

lu(t), >0  as - 0. (1.4)

Remarks. (1) The restriction on the dimensions is needed to obtain
integrability for the nonlinear term in the definition of the weak solutions.
(2) Assumption A.1 includes the following typical cases: fe L'(0, co; L?)
and f'e L*(0, co; L*/"*2) (n>=3). These conditions ensure that fis in the
dual of the space to which the weak solution belongs. On the other hand,
if we assume that f'belongs to some weighted space, then a weaker condition
on the time decay suffices to yield the decay of the solution. For example,
one can choose

rfe L¥(0, oo; L?).

Assumption A.l is obtained by interpolating the decay conditions on f
mentioned above.

(3) The condition on f can be relaxed as follows: For a set of
exponents (y;, p;, 0;) (i=1,2, .., m) satisfying the same conditions as in
A.l, fis written as

where each f; satisfies
X —xo, |7 f;e L%(0, 003 L7),  i=1,2,..,m,

for some x, ;€ R". However for simplicity, we only consider the case A.l.

If n=2, fe L'(0, o0; L?) or if n>3 and f=0, Masuda [ 16] showed that
any weak solution in a general domain has a non-uniform rate of decay in
the energy norm. If n=3,4 and fe L'(0, co; L?), Miyakawa and Sohr [17]
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constructed weak solutions satisfying the strong energy inequality in
exterior domains. Using Masuda’s estimate,

f lu(t)|,dc—0  as t— oo,
t—1

they showed that these solutions have a non-uniform rate of decay. Under
more general conditions on f, Borchers and Miyakawa [ 1] considered the
energy decay in unbounded domain. If f satisfies

J 1A de< oo,

they showed that there is a weak solution for which the energy decays as
in Theorem A. Our theorem extends this result to the case of the Cauchy
problem (NS) for more general external forces.

For the uniform decay result, a slightly stronger assumption than A.1 is
needed. We assume:

A2. Lety,p,0, and p be the same as in assumption A.l. For small
&> 0, we suppose that f satisfies

(1+ 1)/ p’fe L*(0, oo; L7,

where f=(1/60") +¢(0+2)/0.
By choosing y=0, p=p'=2, and f=1+¢, we have a typical condition
of the external force:

If(Ol<C1+n7'7"

Also, if we choose y=1, p=p'=2, then 6=2 and f=1/2+2¢, which
yields (0.2)

Ipf (D)< C(L+1) =272,

It should also be remarked that the condition A.1 implies A.2.
In order to show uniform decay for the weak solution, we also need to
assume proper behavior of the Fourier transform of f near |£| ~0

A3. Let f satisfy either:

f can be written as f= Dg, where D is any first order derivative
and ge L7(0, co; L"), or

fe L0, co; L").
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THEOREM B (Uniform Decay). Let f satisfy A.2 and A.3 and the initial
data ae LY~ L?* where q<2n/(4¢+n). Then the solution constructed in
Theorem A has the following uniform decay:

C(l+1~= if n=34,
|“(l‘)|2<{ —12 ; _

C(log(e+1)) if n=2.
Furthermore, if we assume that fe L'(0, co; L'(R?)) in the 2-dimensional
case, then

()] < C(1412)~%

Here the constant C only depends on norms of a and f.

Remark. 1If there is no restriction on the initial data other than ae L?
it is known that there is no explicit uniform decay as in Theorem B.
(c.f. [20]. In the case of an exterior domain, see Hishida [7].) If n =3 or 4,
q>2n/(4¢+n), and ae L> ~ L, then the uniform decay rate in Theorem B
is determined by the term involving the initial data and hence becomes
slower (c.f., Lemma 2.7 below). On the other hand, if we choose a more
rapid decay for f the decay for the solution is determined by the nonlinear
term (cf. [19, 20, 27]).

2. EXISTENCE AND GENERALIZED ENERGY INEQUALITY

In this section, we establish the existence of a weak solution which
satisfies a certain energy inequality. To this end, we need some apriori
estimates for the solution. The following auxiliary lemma is first estab-
lished.

LEmMmA 2.1, Let 0<y<land 2<p<2n/(n—2+2y). If n=2 and y=0
then p < . Let f satisfy A.1. Then for ue L*(0, T; L?) n L*0, T; H') and
0<s<t< oo, we have

. . 1/0

[ 1Kpwde<cet =200 (f |Vu<r>|§dr> I p(lx =) fllzo.s,
(2.1)

where x,eR”", &(t)=sup,_, [|u(7)|3 and A=[n/(1—y)1(1/2—1/p). The
weight functions p and 0 are the same as those described in Assumption A.l.
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Proof. We first consider the case when A< 1. Put r=|x—x,|. Recall
that

(r)= {r(l+|10gr|) (n=2),
P= Pl r (n=3,4).

By using the Holder, Gagliardo—Nirenberg, and Hardy inequalities, we
have

dr

V4

fKﬁqumqjmvml—

7 —
dr <where o =M> 0>
p

Ip"fIl Hu\l‘*’
f ! > 2—p

7
—|| dr

2

t
<C[ NP1 Il =20 | gup 307
5

t n
< Cf HprHp' HuH(zlf/v)(lfy) Hvu‘|£+ﬂ(1*3’) dr
5

. 1/0
<cen A i f s ([ IVaoIzd) 22

If y and p satisfy the extremal case 1=1, ie., n(l/2—1/n)=1—y, then
0=2 and 0 =2n/(n—2) and it follows that

,

L’ [<fsupl d‘c<J; 1ol |~

7

t N -~ u
<[ 101y Ml ay |5 e
K} 2
t
<C [ 1pf1, IVul, de
P 1/2
<C|ﬂﬂLu<j|vmw§dQ : (22)

Remark. 1f n=2 and y=0 in Lemma 2.1, the case p = oo is excluded.
In this case, the weak solution becomes bounded and regular. However, a
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bound like (2.1) seems too difficult to obtain. But if we assume that
feLlog L, a bound similar to the one in Lemma 2.1 can be obtained.

A straightforward consequence of Lemma 2.1 is the following apriori

estimate:

ProPOSITION 2.2. Let 0 <5<t < oo and suppose f satisfies Assumption A.1.
Then for all ue L*(0, T; L2) nL*0, T; H)) satisfying the strong energy
inequality

lu(0l3+2 [ 1Vu(e) 3 de < Ju)3+ [ [<S@hute) [ de (23)

for almost all s>0 with s=0 and all t=s, we have the following apriori
estimate on u:

&(t)= sup |lu(z)[,<Cy, (2.4)
o<z<t
[V zar<cy. (2.5)

Interpolating (2.4) and (2.5), for 2<q<2n/(n—2) and n/q+2/c =n/2,
lull o< Cy, (2.6)

where C, is a constant that only depends on ||a|, and | p”f]| Lo.».

Proof of Proposition 2.2. Note that 2<6 and (1—2)(1—y)<1 in
Lemma 2.1. Hence the apriori estimate (2.4) and (2.5) can be obtained by
applying Lemma 2.1 to (2.3).

By Proposition 2.2, we note that the solution is bounded in
L>*%m(0, oo : L>*%m). 1t is well known that the exponent of (2.6) in n>3
has a gap to the condition of the regularity criteria n/q + 2/ <1 for an L”
weak solution. For the regularity criteria, see Serrin [21] and Giga [4].

We now state the existence result:

ProrosiTioN 2.3 (Existence and Generalized Energy Inequality). Let
ae L? and f satisfy Assumption A.1. Then there exists a weak solution u to
(NS) in L=(0, co; L2) N L*(0, co; H') satisfying the strong energy inequality
(E). For E(t)e C'(R; R ) with E(t)>0 and e C'(R; C' n L?), the weak
solution satisfies
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E(t) (1) = u(t)|3 < E(s) | (s) * u(S)HiJrft E'(z) [§(t) * u(r)|3 dr

+2 [ E() 10/ (2) » ute), Yo = u(x)y

s

— V(o) 5 u(z) 3] de
+2 [ E(1<u - Va), (@) « (2) = u(x) |

+IKS (@) Y(@) = Y(2) xu(r) Y] dr - (2.7)

for 0 <s<t<oo.

Proof of Proposition 2.3. Following the argument of Leray [14] and
Cafarelli ef al. [2], we consider the approximated equation to (NS). For
some fixed 7> 0, let u, be a solution of

0
§_Auk+vk~Vuk+Vpk=f in xeRn» 0<t<T’
div u, =0 28
u =
K in xeR”, 0<t<T,
uk(())za,

where v, = ¥, (u,) is the approximation of u, obtained through a retarded
mollifier:

—p—t-n [ I=s x=J -
¥ (h) =k URnp< o >h(s,y)dyds, k=1,2, ..

The construction of a smooth solution to (2.8) is well known (see [ 17, 22,
247). Moreover, it is shown in [2] that for small J >0,

U, —u LZ(O, T, LZ) mL2+4/n76(0, T, L2+4/n7<5)
and weak*-L*(0, T; L?), (2.9)
Vu, — Vu weak-L*(0, T; L?),

and

ve—ou LX0, T3 L2) A L2+ =90, T; L2+ =2),
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The limit function u satisfies (NS) in the sense of distributions. To show the
energy estimate, we multiply (2.8) by E(¢)y = * u, and integrate by parts
to get

d

7 E@ Y= uO)I3=E"(1) [ # u(0)]|5+ 2EO{ P (7) # u(7), Y(7) * wi)

— V() % up |3} —2E(0) vg - Vatg, 5 s )
F2E(O S % 1. (2.10)

Integrating (2.10) over (s, ¢), we have

E(0) 1+ ug()13+2 [ () V6 » (o) 3 e
E) 1+ )3+ [ () 1 g(0) 3 e

£2 [ E@ {10 (0) % o), Y(x) » (1)
1o Vag w1+ 1Ly e )} de (200)

We then take the limit as k — co. The nonlinear term in (2.11) converges
to the one involving the limit function provided V(y * ) e L=(0, oo; L?).
In fact, since div v, =0, we have

jt<vk-vuk,¢*lp*uk>ds—ft<u-vu,(//*¢*u>ds

<[ eV # w1 4 [C Vle =) v |
+ | u-Vu, f = = (u—u)y|} de

= [ K =)V ) ] e
1V ) gy~ ud] de

[ UV ) 5 =), ) | de

=0, +1,+1,. (2.12)
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Then (2.9) and the Hausdorff-Young inequality give us
t
L Ioe—u)- V) 5wl g de
t
<[ oe—ully IV 5 ) ] g de
! 2
<[ IV )l 3 o —ul e

t ¢ 1/2
<cf io—ulsde< -9 ([ lo-uizar) 0

s

as k— oo.

Similarly
Izéf lleell > VG 5 Y Nl — ully uagel|» dT

¢ ; 1/2
<C[ lu—ul,de<Cle—9)"" (f |uk—u|§dr> -0

s

as k— oo,

13<f VO ) s Ml —ull ull3 d

t t 1/2
<c [ u—ulsde -9 ([ lu—ulde ) =0

s

as k- oo.

Therefore, (2.12)—(2.15) imply
f Cop-Vitg, ¥ W % 1> ds—»j Cu-Vu,  + % ud ds.

From (2.9), we have

2 almostevery ¢>s,

W ()13 1 * (1)

[ E@ 190+ w3 de< tim [ B V9 w(0)]3de

K K

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)



THE NAVIER-STOKES EQUATION 337

Using (2.16)—(2.18) in (2.11), we obtain inequality (2.7) for almost all ¢
and s. Since the solution is weakly continuous in L? we obtain the desired
inequality.

PROPOSITION 24. Let E(t)e C'(R, ; R) and Y e CY(0, oo; L*) such that
(1 =y e L™(0, oo; L*) and VF (1 —y?) e L=(0, oo; L*). Then the weak
solution constructed in Proposition 2.3 also satisfies

E(1) (1) 4(0)]13 < E(s) [9(s5) ft(S)H§+J ) [§(z) o)l de

+2 [ E() [ (o) o). B> — |60(0) i) 13 de

5

+2 [ B@(1<Cu-Va (2), (1= 77) d(2) |

+]f(2), () (o)) ) dr, (2.19)

for almost all s >0 with s=0 and all t=s. In particular, the weak solution
satisfies

E() () |3 < EG3) ) 13+ [ E'(0) Ju(o)]3 e
—zj 7) IVu(z) |2 dz+2j ) I f(2), u(z))] dr,  (2.20)

for almost all s=0 and all t > s.

Proof of Proposition 2.4. We consider the approximated equation (2.8)
in the proof of Proposition 2.3. Recall that the solution u, are smooth in
L?, and if necessary, by approximating / by a sequence of functions in L,
we can consider the Fourier transform of the equation (2.8). Multiplying
the Fourier transform of (2.8) by E(7) tﬁz i,(7), we get

d ~ ~
4 E@ W@l =E(z ) W03+ 2E(0){ <P (2) dy (), () >

—160(2) 113} = 2E () F (v~ Vag), WP >
+2E(0) (2.21)
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Again integrating (2.21) over (s, ¢) and noting that { % (v, - Vu,), 6i, > =0,
we have

E(1) |[Pan(0)]3+2 Jl E(t) [ &Py (2)|3 de

E) 103+ [ (@) 17a,(0)]13 de

s

2 [ B(x) [KF (wl0)- Vu) (o). (1= 17) ()| do

s

+2j E(x) [{f(2), P*i, (1)) ] de. (2.22)

The conditions 1 —y?e L*(0, co; L?) and V.Z ~ (1 —y?)e L7(0, oo; L?)
are necessary in order to obtain the convergence of the nonlinear term,
since we estimate it as in Proposition 2.3. Using the same argument as in
Proposition 2.3, we see that

[ <7 (- Vu). (1 =77 > ds
[ Vi 7= oy ds

—»jt<u-vu,97*1(1 — 3%« ud ds.

s

Therefore by passing to the limit as k — oo in (2.22), (2.19) follows. The
second inequality (2.20) is obtained by setting y =1 in (2.19).

From the generalized energy inequality (2.7) in Proposition 2.3, it
follows that

COROLLARY 2.5. For a weak solution u and ¢ € L*(R"), we have

16+ a3 1?6 xus)13+2 [ (1< Vit 0§ 5 (o))

+[< f, 1D F2 w u(1)D]) dh. (2.23)

Proof of Corollary 2.5. Take E(t)=1 and y(7) as

()= e KT, >0
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in (2.7). Then y(7) * u(t) = e "7~ ¢ % u(t) and
P'(2) * u(t), () * u(t)y — V(7)) * u(7)|3
= (AT G u(z), eI G w u(t)y — Ve DG s (1)1 3
=0.
Hence we have

le™dxu(n)|5< e 7Gx u(s)|3
t ~
+2 [ (€U Va, 40102 (1) |

+[(f M2 wu(t)) ) dr (2.24)

Letting # — 0 in (2.24), we obtain (2.23).

Remark. If Yy eL* (0, T; L*/*2), then the generalized energy
inequality (2.6) can be derived from the definition of the weak solution and
hence is satisfied by all weak solutions not necessarily satisfying the strong
energy inequality. In fact, Masuda [ 16] obtained an inequality equivalent
to (2.21), with E=1 and (¢, &) =e 917 (1 + |£]%) %2, and used it to
obtain the non-uniform decay of the weak solutions.

To show uniform decay, the following expression of the weak solution
will be used:

PrROPOSITION 2.6. Let u be a weak solution in (NS). Then for almost all
t with 0<s<t< o0,

u(t) =e" = 9y(s) — f eI P(u-Vu(r) —f(1)) dr (2.25)

5

in L2, where P=% ~'(0,— (&,£,/IE|?)) 7 is the projection operator from L*
to L2.

Proof of Proposition 2.6. Using ®(t) = Pe?""7~7¢ for all ¢ € L? in the
definition of the weak solution (1.1), we have

Cu(t), ey — e u(s), e
= [ {<ute), 4e" 19> — (Vu(z), VP10
—P(u-Vu(t), e 10y + (Pf(1), T | de

= [ <PV, gy - (P (2, T .

s



340 OGAWA, RAJOPADHYE, AND SCHONBEK

Then by taking a limit as # — 0, ¢”?¢ — ¢ in L? and we conclude that

Cul0). 3 = ™ ufs) — [ M P(u-Vu(r) —f(2) dv. ¢

s

for all ¢ € L. This shows (2.24).

Finally, we show a variation of the well-known L? — L? type estimate for
the linear heat equation (see, e.g., Reed—Simon [18] and Kato [10]).

LemmaA 2.7 (L?P-L9 Estimate). Let h(t) =0 be a smooth function of t and
define

M0 g = F—le— M0 g
Dla=F""|&°%a.
Then for any 1 <q<p < oo and 0 <9, we have
|D°e™al ,< Ch(t)~"PWa=Vn =@ iq|| — for aelL? (2.25)
In particular, if ae L1 L* (1< g <2), then
le*all, < C(1+2) ="M= ([, + |al ). (2.26)
Proof of Lemma 2.1. Inequality (2.25) is well known if i(z)=t. For

general A(t), (2.25) is obtained similarly. To obtain (2.26), we set h(z) =t
in (2.25) and combine two cases p=¢=2 and g<p=2.

3. NON-UNIFORM DECAY
In this section, we prove the non-uniform decay result:

TueoreM 3.1 (Non-uniform Decay). Let ae L? and f satisfy A.l. Then
the weak solution u to (NS) constructed in Proposition 2.3 satisfies the
energy decay:

llu(2)]],— 0 as t— 0.
We split the proof into two steps, i.e., the estimates for the low frequency

part of the energy and for the high frequency part. In the each step, we use
the generalized energy inequality established in Section 2.
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Proof of Theorem 3.1. To show the decay of the low frequency part of

the energy, we follow an argument due to Masuda [16]. Taking ¢(&) =
exp(— |£|?), we have by Corollary 2.5 and Plancherel’s identity that

Ipa(e) |2 < [le 1< = ga(s)||>

t . t o
+2 [ [ Vi, PG sy de 2 [ NG 5 ) de

z v
< He*\flz(tfs)(ﬁﬁ(s)uz_}_zj‘ |<¢2 % u.vu’ 62/1(171)”>| dr

+2f’|<f, =D 4 S| dr. (3.1)

Since ¢ is a rapidly decreasing function, by the Hausdorff-Young, Holder,
and Sobolev inequalities it follows that for n >3,

<7 % u-Vu, My | < |7 % u-Vul5 Jull,

<C ‘|(l§2|‘2n/(n+2) flae - Vu“n/(nfl) [[ll 5

<C ‘|(l§2|‘2n/(n+2) flull 5 Huuzn/(nfn V|,

< C(P) llully [ Vul3. (3.2)

Similarly if n =2 we have
[<P? % u-Vu, 1 9ud| < [<u- VP2 % 21Dy, ud|

< lull3 167+ €Vl
<1971l ul3 | Vul,
< C(P) llullz Va3 (3.3)

Hence by (3.1)-(3.3) and Lemma 2.1,

19a(nI3< lle 09 ga(s)|3+2 [ C(9) 6(c) | Vul? de

t
5

. 1/0 ¢ 1/0
et ([N ) ([vazac) L G
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Since Tim, , __ [le <"~ ¢d(s)|2 =0, we have by taking a limit 7 — oo in
(3.4) that

Tim [ga(|3<Csup (1) [ |Vul3de

s

s

w© 1/0' © 1/6
sesupst o ([T 1) ([ ivazar)

t s

(3.5)

By Proposition 2.2, the right hand side of (3.5) converges 0 as s — oo.

Next, the Fourier splitting method ([19]) is used to estimate the high
frequency part of the energy. Choose 1 =1 —exp(—|&|?) and let y(7)=
{&eR"; |£| < G(1)}. Then inequality (2.19) yields that

E0I(1 =) a0)3< E) (1 —p)as) 1>+ [ E0) [ 11— a(x)| dé de

x(7)

HE@[ J0-¢aw)”ddr
s R"\ x(7)

~2 [ Ex) 11— §) ao)]3 de

K

£2 [ B (- Va), (1= (1-4)) o)) |

s

+(f (1=9)*d(x)y ) dr

<E 1= 0 w3+ [ @ [ 10— ito) de dr

[ (B 2B0 @) [ 10— ) de de

s R\ (%)

£2 [ E)(<F (- Va), (1= (1—4)) (o)) |

s

+ < S u(z))]) dr. (3.6)

Since Z# ~'(1—(1—¢)*)=y is a rapidly decreasing function, the fourth
term of the right hand side of (3.6) is estimated as follows if n =3, 4:
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| E() [<u- Y,y xute)y ) de
t
<[ E@) W2y 1 Vatll iy s

<CH) E0) [ E) o, IVl de

<C) &) | E(x) |Vul3 de. (37)

s

If n =2, by the Gagliardo—Nirenberg inequality, it follows that
j E(7) [<u- Vi, % u(z) S| de
j o) [Cup * Vule), u(x)y| de
= [ @) 1. a1 Vel e
<cw) [ (o) ful Va3 de
<o) | B |Vul3 s (38)

Since E(t) >0, from (3.6)—(3.8) we have

A 2 E(S) A 2 1 ! ’ 7 2
\|<1—¢>u(r>n2<mu< —has3 g F@[ =g 0P dd
*50 j (E(@=2B@) G0 | (1= a0 de de
Clo) ¢ !
2 (?(Z)“’ [ B vz

1
Y ) BN ) de (39)

We now choose E(t)=(1+1)* G*(t)=o/2(1+1) in (3.9). Since E'(t)=
2E(t) G*(t), it follows from (3.9) and (2.2) that
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1+s

=)0 < (155 ) 100 =gy its)13+

o
(1+1)"

xf(l ror - gal de de

s x(7)
t
s

1
T [ e Va3 de

TN A
() Kol

+C(9)

K

+Csup (17| |
[4<

I+ 5\* s o p o
<<1+t> =g+ o 0+

x| 1= g)af dz de+ C@) 6 [ |Vuli de
x(7) s
X t /0 ¢ 1/0
respst o ([ ) ([ Ivaizar)

(3.10)
where 7, p, and 0 are defined in Assumption A.l. Observing that |1 —¢| <
|E]? if |¢] < 1, we have

f |(1—¢)ﬁ|2d5<CG(r)4j a]? dé < CE(T)(1 + 1) (3.11)
x(7) x(7)
Therefore by letting  — oo in (3.10), (3.10) and (3.11) we get, if p > 2,
_ /1 «
fm (1 —¢)a(r))2 < Tm <1ii> sup (1)

t— o0 t— o0

+Csup &() Tim f (1+‘L’)“3d‘[>

< 1
o \(1+ 1)

+Csup 6(0) [ |1Vu(e)|3 de

s

o 1/0
+Csup ()" Lo [ IVuto) )
t

< Csup g(z)fc IVu(z) |12 de

5

© 1/0
L Csup E(1)' | pf s ( [ 1vute)l, dr) .

s

(3.12)
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Since the first term vanishes, letting s — oo, the last two terms on the right-
hand side of (3.12) tend to 0. If p =2, the last inequality reduces to

m [(1- ) a()13< Csup &) [ |Vu(o)|3 de

t— o0 s

+Csup () [ 1/ dr,

5

which also converges to zero as s — oo. This proves Theorem 3.1.

A simple consequence of Theorem 3.1 leads to the following

COROLLARY 3.2. Suppose that f satisfies the same conditions as in
Theorem 3.1. Let u be a solution satisfying the strong energy inequality. Then

1 t
fj lu(t)|,dt =0  as 1— oo, (3.13)
tJo

Proof. For any ¢>0, we can choose s sufficiently large so that
lu(r)[.<e  for 7>s.

Then

L L s Lt
@l de = [ el et [ o)) de

s

<

~ | —

s t—s
| o))y de+e—
0 t

& as f— oo.

Remark. A similar result was obtained by Kato [10] for small data
and no external force. Miyakawa and Sohr [17] showed that the average
decay (3.13) implies non-uniform decay. Our result extends the class of
functions f for which Miyakawa and Sohr had previously obtained (3.13).

4. UNIFORM DECAY

In this section, we obtain uniform rates of decay for the solutions using
the Fourier splitting method under assumptions A.2 and A.3. More
precisely, we prove:
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THEOREM 4.1 (Uniform Decay). Let u be the weak solution constructed in
Theorem 1.1. Suppose that the initial data a e L* ~ LY, with q <2n/(4¢ +n).

(1) If f satisfies assumptions A.2 and A.3, then

C(l+1)~° if n=3,4,

|u([)|2<{C(log(e+l))l/2 if n=2,

where the constant C only depends on a and f.

(2) If we further restrict f by assuming fe L'(0, co; L"), then the decay
in two dimensions can be improved to yield

lu()ll, < Cz+1)7°

Proof of Theorem 4.1. We first treat the case when f satisfies assump-
tion A.3(1). Recall that (1) ={SeR"; || <G(1)}. Let E(¢) satisfy E'(¢) =
2G*(t) E(t). Using this in (2 20) it follows that

03 <EO)al3+2 | E(2) U |ﬂ|2dé} dr

x(7)

+2j OIS (x), ul(e)] . (4.2)

By Proposition 2.6, we see that

|7 (u(z)| < |F (eTa)l +

joe 62 = (P(u - Vu—f)) do

o) rn

do

e A e (e—
<Je ’a|+f o112 —0)
0

<le a4 [ e 18 17 (wu)| + 111G do
0

<le a4 [ e P ¢ do (sup |7 () |+ 18],
0

t

Therefore, by Holder’s inequality, the second term of the right hand side of
(42) is
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4[ B | [ e d e (sup g+ gl

(1)

f f —21¢2 (z— G)|«f| do dé | d

x(t) -0

< CL E'(t)[ e all5 +sup(lluu, |l + [ gll1)? eG(2)" T dz.  (4.3)
Combining (4.2) and (4.3), we have

E(t) [a(1)|3 < E(0) lal3+ CJO E'(z) e al3 dr + C(ul3, g])

<[ B Gley a2 | B (S0 e e, (44)

0

Suppose that n =3 and 4. Let E(¢) = (1 + ¢)* again. The assumption on the
initial data that ae L?> n L9, combined with the L” — L estimate (2.6) for
the second term on the right-hand side of (4.4), yields

(0 W13 < Cllal3+ | (142~ =0 {al 3+ lal 3} do
! 2
Cf ey ars [ (1 or 1Kf(on ute))] de

=L +L+1,+1, (4.5)

Hypothesis A.2 and Proposition 2.2 imply
14 N 2
I, < L (L+0)* [ p7f [yl A7 [Vu(r) [ 37 de
t
< CE(1) 1 —P0 - f (1+1)*F | Vu(1) |2 dr
0

< CE(r) 1 -P0 - <j (14 17)=—Ho > <f V()2 d‘[>1/9

<C, (4.6)

provided a<f—1/0"=¢([60+2]/0). On the other hand, I, and I; are
bounded if o« <min((n/2) —1, n(1/q—1/2)).



348 OGAWA, RAJOPADHYE, AND SCHONBEK

Choosing

o< min {n_ 1,n <1—1>, & <6+2>} =y
2 q 2 0
and combining this with (4.5) and (4.6) we can conclude that
(L+ 0" lu®)3< a3+ C{lals+ lal,+ sup &(1)
+sup 64(1) + sup | g3+ sup 6(1)' =14 |[Vu| 342}
‘ ‘ ‘
<C, (4.7)
where the constant C is independent of 7. Hence we obtain
[u(2)], < C(1+1).

We assume that ¢ is small and the minimum value of o, is &([ 0+ 2]/6).
Hence we obtain, by setting = (64 2)/6,

lu(t) ], < C(1+12) =27, (4.8)

Substituting (4.8) into the last term in (4.5) and setting x = (1 —21)(1 —y),
we have

[ o s uto) de
<[ e 1 o)1 (Vo) 2 de
<[ ey g Va3 dr
o) V()3 e

<
J,¢
t 10 t 1/0
<c<f (1+r)“’<“”“+*'/2>)ldr> <j |vu(r)§df>
0 0
<C

<C, (4.9)
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if a<en(1l+x/2). We then obtain
lu(r)]|2 < C(141)~ 20w,

Noting k=1—y—(n(p—2)/2p)=1—(2/8), we continue to iterate the
above estimate to obtain

lu(t)|l, < C(1 + ,)4::/2):7(1 + (1/2) + (1/2)% + --)
< C(l + l)fen(ﬁ/(lﬂz))

<C(1+1)~

When n=2, we choose E(t)=(log(e+1))* (a>1) and G*1)=
a(2(e+1)log(e+1))~'. From (4.4),

(logle-+ )" ()13 < C a3+ [ (logle-+ 7)) (e+7) 120012
< {lal3+ lal3} de+C | (logle+)) !

x {(e+7)logle+ 1)) " dr+ f (log(e +1))"

x [ f(T), u(t))] dr
=L+L+1:+1,. (4.10)
Clearly, I, and I, are bounded, while

l 2
I= Cf log(e 1"~ 1o < Cllogle + 1)) (4.11)
e+71

By Assumption A.2 and Proposition 2.2, we have

14<f0(10g(6+f) 1p7f (@15~ [ Vu(z) |57 de

< CE() =P = j' lo(géfi—;;ﬁ)a
0

t 10’ 1/0
ch(l)uwly)(J (log(e +1))*” > <J IVu(z)|2 dT>

0 (e+,[)l+;7£6

<C. (4.12)

IVu(z)[ 3 de
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Therefore from (4.10)—(4.12), it follows that
lu(t)ll, < Clog(e+1) ="

Next we discuss the case we assume fe L*(0, oo; L'). To show the decay
in this case, we use inequality (2.20) with ¢(¢&)=e "V where h(z) will
be determined later. We write the second term on the right-hand side of
(2.20) as follows:

[E@] weaorda
HE@[ =g o) d de (4.13)

Since (1— ¢?) behaves like 2h(1)|¢|? near |&| ~0, by choosing E(t) such
that h(7) E'(1) < E(z), it follows from (4.13) and (2.19) that

EOu(n]3< EO)all3+ [ E(0) [ 10(8) (o)) dé dr

+2f OIS (x), u(x))| de. (4.14)

We proceed to estimate the second term of right hand side in (4.14). Using
the expression of the solution in Proposition 2.6, we have

[ o Fworas<| 14 {u( .

erflaz(r—a)
0

X <<6U—|fé|i’> F(u-Vu —f)> do

<2| @@re AP dz2| per

R"

Z}dé

xffe*2<ffﬂ>lflz{|f(u.vbl)| + 11} do dé
0
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<2| (&7 e 1wl dz
Rn

+4T JTJ )l ¢(é)2672(170)|§|2 |f|2 |gj(ujuk)|2dé do

0 YR

+ac[ [ (&) e 2| 12 do de

=L+5L+1;.

Suppose that n =3, 4. Then we have

I,< Cf = 2T HMONER 412 gE
.

< C He(TJrh(T))AClH%

< C(r+h()) "2 |al3, (4.15)

L<Cr L jRne*2<f*"+h<f>ﬂ<‘2|5|2 |\F (uju)|? dE do
< Crsup |7 ()| j j “2—o M |E12 GE dg
<Crsup ME f ) +1—a) "1 g, (4.16)
13<ijj e~ 2o NI | 712 g dg
0 YR"
<Cr [ et o L2 do
0

<Cr[ (t—o+h(0) " | f(0)]] do. (4.17)

0

We choose h(t)=(1+7) and E(7r)=(1+1)%; then from (4.15)—(4.17) we
get

I+ 1L, +1,<C(1+2t) " |a|?+ Cx(1 + 1) "*sup |ul3

T

+Ce(1+7) 72 [ 1f(0)13 do. (4.18)
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Hence it follows from (4.13), (4.14), and (4.18) that
(407 O3 < ClalZ+ € [ (40| (14072 fall +o(1 1) 72
x {sgp Julf+ [ 1@ doﬂ dn
[ Aoy KA ute) e
<Cllal3+Clalii [ (141" de
+C s lult+ [ 1@ do ) [ (1o an
HC[ e [l § 20 [Vl 3 de
<Co+C, jo (147 1=02 gr 4 C, jo (1 4+17)*—0 g

+ () AN <ft (I+7) o dr>w
0
<C (4.19)
if « <min(n/2, n/2—1, en). We assume, for ¢ sufficiently small,
lu(e) ], < C(1+1) =27, (4.20)
Substituting (4.20) into (4.19), we obtain a better rate of decay:
lu(2) ]|, < C(1 + £) ~ @2 01+ (o2,

Iterating this argument, the desired estimate is obtained.
When n =2, we choose h(t)=(1+17)(log(e+ 7)) and E(7) = (log(e + 7))~
with o> 1. Then by (4.15)—(4.17), it follows that
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J, 146 F )P de<t+ L+ 1y

<C(l+t+rtlogle+1)) ' al?

+C(log(e +7)) 2 sup [lul3

Cllogle+e) " [ /(o) Fdo. (421)
Hence from (4.14) and (4.21) we have
(log(e + 1)) [la(2)l|5 < llall3 +Cf (log(e+7)) "' (e+17)~!

x [(1 +r+tlogle+ 1)~ a2+ (log(e +1)) 2

xsup [u]4+ (log(e + 7)) j 1/ ()3 do}d

T

+[ logle+ 0" 1< f(0) u(e)) | dr

log(e+1)* 72
<lal3+Clal | =5
‘log(e +1)*? : “log(e+17)*?
= 7 4 C 2 s
XJ;) e+1 ot Hf”zlL e+71

dr + Csup |ul3
dr

CLT (log(e + )™ llulls' === p’f ||, | Vull3? de
< C+ C(log(e+1))* 1, (4.22)

if « > 1. Thus,
lu(2)]l, < C(log(e + 1))~ 12 (4.23)

To prove the second part of the theorem, we start the inequality (4.2)
again (cf. Zhang [28]).
From (2.25) in Proposition 2.6 and the Holder inequality, it follows that



354 OGAWA, RAJOPADHYE, AND SCHONBEK

| T <2 | e P e

(1) x(7)

+2

x(7)

{[[ el w171, e ds

<2fal}| de+2]

x(7) x(7)

([ 1@l dr)
<2 @ {1+ ([ 1o o) |

+20| e <j0 |u(a)|gda>. (424)

(%)

([ Iuozar ) 2] e

x(7)

Set E(t)=(1+1¢)* and G*(t)=2/(1 +1). Using the logarithmic decay (4.23)
and estimate (4.24) and pluggmg in (4.2), we have

(o o< lati+c [ asnfavo fat ([ 1o w) |
(1 41)2 fo lu(a)]12 (log(e + 7)) ~ /2 do} de
+2 [ (140 [Kf(0), ul()) | de
<coreen(lai+ (1o ds )
c1+0) [ Juto)| logle +2)) "2 do

t 1/6
+CE()1 A0 Q (147)2—m0 =1 dr>
0

. 1/0
x( [ 1vulz de
0

< Co+ Ci(Jlalli, /17, (1 + 1) + Co(1 +1)

% [ Iu()]3 (logle + @) "2 do + Cy(1 417~ (425)
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Hence we have

(14 D)llu()|5< Co(1 +1)~ +C1+C2f |u(o)]3 (log(e + ) " do
FCy(141) o, (4.26)

Applying the Gronwall inequality, (4.26) implies that

dr
(e + 1) log(e + 7)*"

(I+1)|u(r)]3< Clog(e+ 1)+ C(e) log(e + t)zmj

< Clog(e+ 1)+ C(e)(e+ 1) " log(e + 1)

where m is some integer which depends on the constant C, in (4.26). Hence
we obtain

lu(t) ], < C(1 + 1)~ log(e + 1) (4.27)

Here the constant C depends on the norm of the initial data ¢ and the external
force fin the conditions A.2 and A.3(2).

We reiterate by substituting this decay (4.27) into (4.25). As in (4.9), we
see that

J, (1402 1K/, u()> | e
<[ 02 11 a5 (Va3 de
<[ (2P l0g(1 41 |V 37 do
0

t 1/0"
< C <J‘ (l + T){-)’(zfsn(l +r/2))—1 log(e + T)mKH’/2 d‘L’)
0

< C(l + t)zfz,-q(l +x/2) log(e + Z)mzc/Z. (428)

Noting that there is a constant C such that (14 7)~**log(1+41)" < C, we
have from (4.25), (4.27), and (4.28) that

I+ u(D)3< Co(1+0) "1+ C,
+czj (I+0)u(r)], (M +7) " dr
0

+C5(1 + t)l —en(l+r/2) log(1 + t)rnk/2.
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We again solve this inequality by using Gronwall’s lemma and it follows that
(1 + I)HM(I)H g < Ce*(C/ﬂ)(l +1)7° + Ce*(C/o)(l +1)7°
! S —a
X[ (147) 2 log(1 +17)! @21+ e
0
SC+C(1+1)! —=r I+ [og(1 4 1)/, (4.29)
where we have put o =en/4, 0 =en(1 +x/2), and /=mrx/2. Hence
[u(t)|3< C(1 +¢) 1+ 02D Jog(1 4 1)), (4.30)
Repeating this procedure / times, we have
HU(I)H % < C(] + l) —en(1 + (1/2) + (1/2)2 + -+ +(x/2)]) IOg(l + Z)m(K/Z)I.
Since k =(1 —4)(1 —y) <1, we conclude by taking the limit as /— oo that
()], < C(T+1) 7% (4.31)

This proves the last part of the theorem.

Finally we should remark that the condition A.3 on f can be generalized
in the following form:

A3, fis expressed as f=Dg=F ~1|&|° 8, where ge L"(0, oo; L") and
the exponents J, v and r satisfy

2 1 1
+n<—>+5>g+l. (4.32)
v r 2

Under the above general condition, the estimate from the term including
g in (4.5) or the estimate for the term /5 in (4.17) goes way as in (4.17)—
(4.19). By using Lemma 2.7,

13(1)<4Tf f e 2o MR | F12 dE dg
0 YR"
<CTJ;) HeA(1+2170')|V|5g”§do_

<Cr[ (1420—g) " 120 | g2 dg
0
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T (v—=2)/v T 1/v
< Cr(1 4 7)—/r=12)=0 <J da> <f |g|jda>
0

0
T 1/v
< C(1 4 7)2~Cm—nir=1/2-0 <f |g|:da> _
0
ence the sufficient condition on the exponent is (4.32)

ProPOSITION 4.2.  Suppose that u is a solution to the Navier—Stokes equa-

tion with the condition that the external force f satisfies assumption A.3'. Then
the solution u has the same decay rate as in (4.31).
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