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1. Introduction and the results

Consider the Navier-Stokes equations in R", n > 2, which will be treated in this paper in
the form of the integral equation

(NS) u(t) = e g — /Ot V- e_(t_S)AP(u @ u)(s)ds,

for prescribed initial velocity a(z) = (ay (@), -+, an(2)), 2 = (21, -+, x,) € R", and unknown
velocity u(z,t) = (ui(x,t), -+, uy(a,1)). Here, A = —A is the Laplacian on R"; {e=™},5¢ is
the heat semigroup; P = (Pj;) is the bounded projection onto divergence-free vector fields;
u @ v is the matrix with entries (v @ v), = wjvr; V = (4, -+, 0,) with 9; = 9/0x;; and

(V : e_tAP(u & U))] = Z age_tAij(uéuk% ] = 17 See .

k=1

It is well known that for each a € L* with V- a = 0, (NS) has a weak solution u defined for
all ¢ > 0, satisfying the energy inequality

¢
| (t)]3 + 2/ 1Vu|l5ds < ||all3 for all ¢ > 0.
0

Hereafter || - ||, denotes the L"-norm.
As shown in [10], there exists a weak solution u such that

(1.1) [l < C(1+1)755,
whenever
(1.2) a€ L’ V-a=0 and /(1—|—|y|)|a(y)|dy<oo.

Assumption (1.2) implies a € L' ; so the divergence-free condition gives (see [4])

(1.3) /a@my:u



Furthermore, it is shown in [2] that in this case the solution u satisfies

(14)  lim "%

t—00

=0

ui(t) 4+ (O Ey)(- /yka] Ydy + Foji(-, //uzuk Y, s dyds

for y=1,---,n, where
Et(x) = (47‘[‘1‘)_71/26_'90'2/475, F&]‘k(x,t) = agEt(l')(S]‘k + /OO 646j8kE5(:1;)d3
t

(Hereafter, we use the summation convention.) Equation (NS) is then written in the form

uj(x,t) = /Et(l‘ —y)a;(y)dy — /Ot/ Foi(x —y,t — s)(ueug)(y, s)dyds, j=1,---,n,

as proved in [2]; and the integrals in (1.4) are finite, due to (1.1) and (1.2). Assertion (1.4)
was first proved in [1] for smooth solutions when n = 3, and then extended in [2] to the case
of weak solutions in all space dimensions by applying the spectral method as given in [3,5].
The argument of [10] suggests that the decay property (1.1) will be optimal in general.
So we are interested in finding a class of weak solutions u satisfying the reverse estimate

|u(t)]|2 > ct at least for large ¢.

In this paper we discuss this kind of lower bound problem.

Theorem A. Under the assumption (1.2), let

bre = /yéak(y)dyv Cht Z/O /(Wuk)(y,s)dyds.
(i) We have
(1.5) Jim ¢35 Ju(t)]]. = 0

if and only if (bre) = 0 and (cpe) = (cdye) for some constant ¢ > 0.
(ii) There exists ¢ > 0 such that

(1.6) |u(t)]|2 > T for large t > 0,
if and only if (bre) # 0 or (cke) # (cope). In particular, u satisfies (1.6) whenever (bge) # 0.
Remark. Theorem A (i) implies only that

(1.5") ligrii;lptzi”u(t)]\g > 0

if and only if (bge) # 0 or (cxe) # (cdre). Note, however, that our second assertion (1.6)
is more stringent than (1.5"). Moreover, (1.6) holds for all large ¢ > 0 and for all space
dimensions, although ||u(¢)]|2 is only known to be lower semicontinuous when n > 5. We
know nothing about the characterization of solutions satisfying (cxe) = (cde).



We next consider weak solutions u satisfying
(17) u(t)lls < QL+ )%
As shown in [3,6,10], such solutions exist for all « € L? satisfying
(1.8) Vea=0, |eal, <C(1+1)75.

Theorem B. Suppose a satisfies (1.8) and let u be a weak solution satisfying (1.7). Then
(1.9) |w(t)|]y > ct™% for large t > 0,
if and only if

(1.10) e " ally, > et~ % for large t > 0.

The lemma below gives simple examples of a satisfying (1.10).

Lemma. Leta € L*, V -a =0, and suppose that

(1.11) / ja(r,w)2dw € L¥(Ry),  liminf [ |a(r,w)[dw > 0,
Sn—l

r—0 sn—1

where the Fourier transform a is defined by
a(é) = /e‘”éa(aj)dw, i =/—1,
S=b is the unit sphere of R", and & = (r,w) in polar coordinates. Then,
(1.12) e Mall, < C(L+t)"%  forallt>0; |e™Hall, > dt™5  for large t > 0,
with constants C' > 0 and ¢ > 0 independent of 1.
Proof. Parseval’s relation gives
e ally = (2m) " [ P fae) e = (8n20)72 [ e atn(20)7H)

so that 1
(8720 E [l allp = [ e fatn(20)7)Pan,

The assumption and Fatou’s lemma together imply

S 2R 7A 2 T —|n? 1= -2
h{gglf(Sw t)2|le”alls h{gglf/e la(n(2t)2)|*dn

> /OO e (hminf |a(r(2t)_%,w)|2dw) r"tdr > 0.
0 t—r00

Sn—1

This proves the second estimate of (1.12). The first estimate follows from |le~*all; < |lal|;

o0
/ |a(.7w)|2de / e PV,
Sn—1 oo 40

and

leall3 = (3720)7% [ e PP fa(n(20)"5)Pdy < €172
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The proof is complete.

Remarks. (i) Condition (1.11) implies that a is discontinuous at £ = 0. Indeed, since
V-a =0, we have £ -a(£) = 0; so if @ is continuous at £ = 0, we get w-a(0) = 0 for all unit
vectors w, and a(0) = 0. (For this reason, a € L' implies (1.3).)

(ii) The assumption of Lemma is not vacuous. Indeed, suppose a is written in the form

a(€) = fI€Ng(&/1€D,

in terms of functions f and ¢ such that
ge L*(5"7h),  g#0, w-ogw) =0 (wes

and

/e BO([0,00)), /Om F(F)[2r"—tdr < 0o, f(0) #0.

Then, a satisfies condition (1.11).
(iii) In this connection, we note that under condition (1.2) we have

(1.10") e all, > o for large ¢ > 0
if and only if (bxe) # 0. Indeed, using (1.2) and (1.3), we have (see Section 4)

(1.4 lim ¢ "5 ||e ™" ay, + 8y Evbyo|2 = 0, k=1,--,n.

t—00

n+2

Suppose (by) # 0. Then (3 |9 Eibre||2)Y? = Ct=% with C > 0; so we get

n+2

_ 1/2 _
le™Aally > (S 10 Bubiel 2 — (i lle™ A ar + 0 Eibgel|2) > ct=*

for large t > 0. Conversely, if we assume (1.10"), then by (1.4") we get

n+2

_ 1/2 _
(i l0eEbe 1) > lle™allz = (T lle=Aar + O Bibyel3) > et™

for large ¢ > 0. Hence 3, |00 Eibre||3 > 0 for large ¢ > 0, which implies (by,) # 0.

The L? decay problem for weak solutions of the Navier-Stokes equations was successfully
studied for the first time by [5] and the result was then systematically developed by [3,10].
Estimates (1.6) and (1.9) are studied in [6,7,8] in case n = 2, 3, and some sufficient conditions
are obtained. Our Theorems A and B provide necessary and sufficient conditions for those
estimates to hold. We further note that our lower bound estimates (1.6) and (1.9) hold
in all space dimensions n > 2, although the function ||u(?)||2 is known only to be lower
semicontinuous when n > 3. As will be seen in the proof below, this is due to (1.4) and the
fact that the functions 9, Fy(x) and F ji(x,t) are written in the form t_nTHK(xt_%) in terms
of some bounded, integrable and uniformly continuous functions K.

We finally consider an example of two-dimensional flows u with (bge) = 0, (cke) = (cdre),
which was first treated by [7].



Theorem C. When n = 2, there is a smooth weak solution u such that (by) = 0,
(cre) = (cdke), and, with some constant v > 0,

(1.13) u(t)|, < Cpe™™  and lu(z, )] < Cpe™ (1 + |z])™"
for all 1 < g < oo and all integers m > 0.

The above example was studied by [7,8], in which is given the exponential decay of ||u(t)|],
for 2 < ¢ < oo. Our estimates (1.13) include the case 1 < ¢ < 2 as well as the decay
estimates in the spatial direction.

In what follows we prove Theorems A and B. A proof of Theorem C is given in [2] and so
omitted here. We conclude the paper with the proof of (1.4) which was given also in [2].

2. Proof of Theorem A
We begin with the following

Proposition 2.1. Let (bye) and (cge) be real n x n matrices and let (cke) be symmetric.
Then

(2.1) Do Ey(2)6 54 + cneFrjn(e ) =0, j=1,-+n,
for all € R and for some t > 0, if and only if

(2.2) (bie) =0 and (cw) = (cbpe)  for some c € R.
Furthermore, (2.2) implies that (2.1) holds for all x and for all t > 0.

Proof. Assumption (2.1) implies

bké&e_t|£|25jk = —cpeée <€_t|£|25jk — é}&/f e“‘"f'st) = —(cjo — |§|—2ck45j5k)&e—tlél2

for some ¢ > 0, and we get [£]*(bjo + ¢jo)ée = & enénle. Taking & = 0 for any fixed j,
& = 1 for any fixed ¢ # 7, and &, = 0 for all k such that k # j and k # ¢, we easily obtain
bjr + ¢jo = 0 whenever j # {, and so

|§|2(b]]+0]])§] = fj%éfk&, ] = 17...7n‘
We let & =1 and & = 0 for k # j, to get bj; 4 ¢;j; = ¢j; 5 so bj; = 0. This implies
(23) |§|2C]]§] :gjckffkfé7 ] — 17”‘7n‘

Hence, ¢;y = -+ = cpp = cpe&ie]€|™?. Wethenset j =1, =& =1and § =0for k> 3in
(2.3), to get 2¢11 = 11+ 2+ 12+ 21 = 2(c11 +¢12) since ¢g = cg by assumption. Therefore,
c12 = 0. We thus obtain ¢jy = 0 = —b;; whenever j # (; so (by) = 0 and (cge) = (cope).
That (2.2) implies (2.1) for all t > 0 is easily seen from

Fk,jk == @Et + /OO @AEsds == @Et + /OO 6]05E5d3 == @Et — @Et == 0,
t t
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where d; = d/0s. The proof of Proposition 2.1 is complete.
To establish Theorem A, it suffices in view of (1.4) to prove the following

Proposition 2.2. Let a satisfy (1.2) and define

b= [wart)dy, = [ [wan)(y.s)dyds.
Then we have

(2.4) either (bre) #0 or (cre) # (eOre),
if and only if a corresponding weak solution u satisfies

(2.5) ()| > ™5 for large t > 0
with a constant ¢ > 0 indenpendent of t.

Proof. In what follows we write

by = (bi, -+, be), For=Frp, - Fong)

Assume first (2.4). By Proposition 2.1, we have ||0;Fibs + Fypcpella = Ot for all t > 0
with some C' > 0, and so (1.4) implies
|lu(t)l]2 > ||0cbibe + Fypepell, — |Ju(t) + 0elocby + Fypepel|,

n+2 _n+2

= Ct777 —o(t™ v ) >t

for large ¢t > 0. Assume next (2.5). By (1.4) we have

n+2 n+2

10eEiby 4 Fypeely > [[u(@)]l2 — |lu(t) + 0rFibe 4+ Fo e, > 774 —o(t™47),

and so

|0cEby + Fy e, > 0 for large t > 0.
We thus obtain (2.4) by Proposition 2.1. This proves Proposition 2.2.

3. Proof of Theorem B

Suppose that n > 3. We have

Crt = /0 /(uzuk)(y,s)dyds < o0

so the argument given in [2,Sect. 5] applies to our present situation, implying

(3.1) lim ¢ %

t—00

0.

u(t) — e_tAa + FZ’kCMHQ =



Suppose (1.9) holds. Since ||Fyrcpe||z = Ct_zi, it follows from (3.1) that
lemally > Jlu(t)lle = || = u(t) + e a — Frpene + Frpexlo

> u(®)]lz = [[u(t) — e a+ Forcrellz = || Fencre|2

w3

At — O > A

AV

for large ¢t > 0. This proves (1.10). Conversely, if (1.10) holds, then (3.1) implies
lu®ll: > lle™alls = [[Fencrellz = [u(t) — e a + Fopere]s
> Tt - O > dE

for large t > 0. This proves (1.9) in case n > 3.
When n = 2, we introduce

t/2

cult) = [ [ () v, s)dyds
instead of ¢py. The argument of [2,Sect. 5] is then modified to yield
(3.1) |u(t) — e a4+ Fypere(t)]], < Ct og(1 +t).

Since
t/2
[w

|F et < 0t |

this implies ||u(t) — e~*a||ly; < Ct~'log(1 +t). Now we can prove the result in the same way
as in the case n > 3. Indeed, (1.10) implies

()|3ds < C1™ log(1 + 1),

le(®)l2 > lle™alls = u(t) = e Aally > ct™7 = Ot log(1 +1) > 't 72
for large t > 0, while (1.9) yields
e alls > ()l — lla(t) — Al > e~ — ot log(1 4 1) > et

for large t > 0. The proof of Theorem B is complete.

4. Proof of (1.4)

Here we present the proof of (1.4) given in [2]. The same method can be applied to the proof
of (3.1) and (3.1'). Let a satisfy (1.2) and so (1.3). We first prove

at (OB)() [ paly)dy

(4.1) lim ¢

t—00

=0.

2

Direct calculation gives

= [Ble—y) - Belaly)dy = [ [ (0uB)w — y0)yraly)dody

=~ (u)@) [ paly)dy — [ [ @)~ 90) — (D) ) aly)dody,

7



SO

e Ha + (O B4)( /yka )dy = // [(OkF) (2 — y8) — (0kEy)(2)]yraly)dbdy.

n+1

We can write (OpEy) () = t__(akEl)(xt_f), to obtain

n+2 1
<o [ ey 0)lylla(y) dody.

e+ (OB)) [ aly)dy

Here @i(y,0) = ||(VEL)(- — y@t_%) — (VE1)()||2 is bounded and 7}Lm ©i(y,0) = 0 for any
fixed (y,0). Since |y||a(y)| is integrable by (1.2), the dominated convergence theorem yields

tim [ [, 0)lyllaty)ldody = .

This proves (4.1). Now let u satisfy (1.1). We next show that the function

w(t) = u(t) — e o= — /Ot/ Fyop(x —y,t — s)(ueu)(y, s)dyds

satisfies

(4.2) lim 175 = 0.

t—00

‘ )+ Fo(- //Wuk Wy, s dyds

Indeed, we have

mw+mﬂaw£7@wm%g@@
::IT&k(x,t)JC;;/(Uguk)(y,s)dyds
—AW[FM@—%t—$—FM@J—smWWX%Q@@
-iféﬂmeﬁ—Sy—meﬁﬂ@ww@ﬁmw&

£
= [ Fale = ot = s)wens) (. )dys
=L+ 1L+ 1+ 1

It is easy to see that

(4.3) #ﬁmmgcﬂ(ymrk%&+o as t — co.
t/2

We write I3 in the form

t/2 1
[3 = / / S(atFZ k)(l’,t — 59)(uzuk)(y, S)d@dyds
0 0 ’

to get

t/2 1 2 2 t/2
Islla < [ [ [ stt = s0)7F u(y, o) Pdodyds < [ ) 3ds



and so

n+2 t n
(4.4) |||, < (Jt—l/ (145)3ds =0  ast— oo
0

n+1

To estimate 15, note that we can write Fy(x,t) =12 I((l’t_%), to get

nta [1/2 ., 1 .
Ll < co [T LIRC =yt =978 = K lsfu(y, ) dyds

nt2 t/2

t/2
7 [ ey o)ty ) Pdyds = 0 [T sy

Since ¥;(s) < Cl|u(s)]|3, the dominated convergence theorem implies

M
lim YPi(s)ds =0 for any fixed M > 0.

t—o0 Jo

Given ¢ > 0, choose M > 0 so that [y ||u(s)]|3ds < e. Then for ¢ > 2M,

t/2

e ds</ e ds—|—0/ Hds</ bo(s)ds + Ce.
This implies that

(4.5) hmt H[2H2 = 0.

It remains to prove

(4.6) hmt H[4H2 = 0.

To do so, we follow the arguments of [3,5]. The function

t
o) = = [ [ Faale =yt = s)(uen) (v, s)dyds = u(t) — == u(r)
defined for ¢ > 7 > 0 satisfies
O+ Av=—P(u-Vu) (t>r7), v(r)=0.

(We may assume v is smooth, replacing u by the approximate solutions uy given in [3].)
Since (P(u - Vv),v) = (u - Vu,v) = 0, the standard energy integral method gives

w3 + 2| AY %02 = —2(u - Vu,v) = 2(u - Vo, u) = 2(u - Vo, up)
and

2(u- Vo,uo)| < 2ullo| Al fluolloe < Cllullol| A0t — 7)~5 7

+1

O AY20)5(t — 7) = F 755 < | AV%|2 4+ C(1t — 7)1 1m%

IA



where uo(t) = e”"74u(r). We thus obtain
AHllo]l3 + | AY20|l3 < Ot — r) e 175,

Let {F)\}as0 be the spectral measure associated to A. Since ||AY?v]|2 > o(||v||3 — || Eov||2)
for any o > 0, the above estimate yields

Ollvllz + ellvllz < ell Boolly + C(t — 7)1 7%,

2 t 2
But, || F,v|3 < Co"F (/ HuH%ds) as shown in [3,5]; so

ntd t 2 p—1_—1-1
ool + ollols < o ([ llulds) + -y trioE,

Here we set o = m/(t — 7), m > 0, and multiply both sides by (¢t — 7)™, to obtain

n i 2 n
Ot =" lol13) < Cot = )82 ([ flullids) o+ Ot = ymntemioE,

Now fix m so that m > n/2+ 2 and m > n + 1, and integrate the above inequality, to get

n € s 2 .
oI < C =78 [ [ flullde) ds + Ot = r)rrioE,

Inserting 7 = t/2 yields v(t) = I4, so
- 2
|| L))2 < Cctn! (// Huy\gds) + Ot <Ot =0
t/2

as t — oo. This proves (4.6).
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