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Abstract. In the paper, we consider the large time behavior of solutions to the
convection-diffusion equation uy — Au+V- f(u) = 0 in IR" x [0, 00), where f(u) ~ u?
as v — 0. Under the assumption that ¢ > 1+ 1/(n + ) and the initial condition
ug satisfies: ug € L'(IR"), [pn uo(z) dz = 0, and HetAU[]“Ll(Rn) < Ct=P/2 for fixed
B € (0,1), all £ > 0, and a constant C, we show that the solution has the same
decay in L'(IR") as its linear counterpart. Moreover, we prove that, for small initial
conditions, the exponent ¢* = 1+ 1/(n + ) is critical in the following sense. For
q > ¢* the large time behavior of solutions is weakly nonlinear (i.e. given by solutions
to the linear heat equation) and for ¢ = ¢* the behavior as ¢ — oo of solutions is
described by a new class of self-similar solutions to a nonlinear convection-diffusion

equation.

1 Introduction

In this paper, we study the large time behavior of solutions u = u(z,t) (z €
R", t > 0) to the Cauchy problem for the nonlinear convection-diffusion

2000 Mathematics Subject Classification: 35B40, 35K55.
Key words and phrases: the Cauchy problem, the convection-diffusion equation, large
time behavior of solutions, self-similar solutions.



2 G. Karch & M.E. Schonbek

equation
(1.1) uy — Au+a- V(uu|Tt) =0,
(1.2) u(z,0) = ug(x),

where ¢ > 1 and the vector a € IR™ are fixed, under the assumption uy €
LY(IR™) and [p. up(z) dz = 0.

The typical nonlinear term occurring in hydrodynamics in the one-dimension-
al case has the form uu, = (u?/2), (as in the case of the viscous Burgers
equation). The most obvious generalization of this nonlinearity consists in re-
placing the square by a power u? where ¢ is a positive integer. Here, however,
we intend to observe a more subtle interaction of the nonlinearity with dis-
sipation, consequently, we need to consider a continuous range of parameters
g. The problem then appears with the definition of u? for negative u and for
non-integer ¢. In order to avoid this difficulty, we chose the nonlinear term
of the from a - V(u|u|?9""). This was done to shorten notation in this report,
only. Note that, in fact, the following property of the nonlinearity will only be
important throughout this work:

e the nonlinear term in (1.1) has the form V - f(u) where the C'-vector
function f satisfies |f(u)] < Clul?, |f'(u)] < Clul?! for every u € IR,
g > 1, and a constant C'. Moreover, if the balanced case is considered
(ie. ¢ =1+41/(n+ B)), the limits

lim f(u)/|ul? and  lim f(u)/|ul?
u—0— u—0t
should exist and the both should be different from 0.

Recent publications developed versatile functional analytic tools to study the
long time behavior of solutions of this initial value problem.

Concerning the decay of solutions of (1.1)-(1.2) and, more generally, of scalar
parabolic conservation laws of the form u; — Au+ V- f(u) = 0 with integrable
initial conditions, Schonbek [25] was the first who proved that the L?-norm
tends to 0 as ¢ — oo with the rate t~™/4. To deal with this problem, she
introduced the so-called Fourier splitting method. The results from [25] were
extended in the later work [26], where the decay of solutions in LP(IR™), (1 <
p < oo) was obtained, again, by a method based on the Fourier splitting
technique. It was emphasized in [26] that the decay rates are the same as for
the underlying linear equations.

Next, Escobedo and Zuazua [12] proved decay estimates of the LP-norms of so-
lutions by a different method under more general assumptions on nonlinearity
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and under less restrictive assumptions on initial data. Finally, by the use of
the logarithmic Sobolev inequality, Carlen and Loss [7] showed that solutions
of viscous conservation laws satisfy

lu(-, B)ll, < Ot~ DU |y,

for each 1 < r < p < o0, all £ > 0, and a numerical constant C' > 0 depend-
ing on p and ¢, only. Here, we would also like to recall results on algebraic
decay rates of solution to systems of parabolic conservation laws, obtained by
Kawashima [21], Hopf and Zumbrun [15], Jeffrey and Zhao [17], and Schonbek
and Siili [28]. Smallness assumptions on initial conditions were often imposed
in those papers.

The first term of the asymptotic expansion was studied as the next step in
analysis of the long time behavior of solutions to (1.1)-(1.2). Assuming that
ug € L'(IR"™), roughly speaking, these results, cf. e.g. [8, 21, 12, 13, 14, 10, 11,
1, 2, 3, 19, 20], fall into three cases:

e Case I: ¢ > 1+ 1/n, when the asymptotics is linear, i.e.
(1.3) tDA=VP) |y (- 1) — MG(-,t)[], — 0 as t — oo,

where M = [p, uo() dzx, G(x,t) = (4rt) ™2 exp(—|z|?/(4t)) is the fun-
damental solution of the heat equation. Hence, this case can be classified
as weakly nonlinear, since in this situation the linear diffusion prevails
and the nonlinearity is asymptotically negligible.

e Case II: ¢ =1+ 1/n, when
(1.4) tDA=VP) ||y« ) — Ups (-, 1) ||, — 0 as t — oo,

where Uys(z,t) = t~2Uy(zt~"/2,1) is the self-similar solution of (1.1)
with ug(z) = Mdy. Here, diffusion and the convection are balanced,
and the asymptotics is determined by a special solution of a nonlinear
equation.

e Case IIl: 1 < ¢ <1+ 1/n, when
(1.5) DAY CO| |y (- 1) — Upg(-,1)]], — 0 as t — oo,

holds, where Uy, is a particular self-similar solution of the partly viscous
conservation law U, — A, U + %(U|U|q_1) = 0 such that uy(z) = Mdy

in the sense of measures. Here z = (y,z,), ¥y = (21,...,2,_1), and
A, = E?;ll 33—;2_. Hence, the asymptotics of solutions is determined by
J

solutions of an equation with strong convection and partial dissipation.
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Finally, we recall that, in the weakly nonlinear case, Zuazua [32] found, for
solutions to (1.1)-(1.2), the second order term in the asymptotic expansion as
t — oo. He observed that asymptotic behavior of the solution differs depending
if ¢ satisfies 1 +1/n<q¢<1+4+2/n,g=1+2/n,or ¢ > 1+ 2/n. Analogous
results for Lévy conservation laws were obtained in [1, 2] and for convection-
diffusion equations with dispersive effects — in [19, 20].

Note now that if we assume that M = [j. ug(x) do = [. u(z,t) do = 0 the
corresponding self-similar intermediate asymptotics in (1.3)-(1.5) equal to 0
for every ¢ > 1. Moreover, for p = 1 the asymptotic formulae in (1.3)-(1.5)
say nothing else but

|lu(-,t)||1 = 0 as t — oo.

The goal of this paper is to find the first term of the asymptotic expansion in
LP(IR™) of solutions to (1.1)-(1.2) with M = 0 imposing additional conditions
on initial data. We assume that wug satisfies |[e"®ug|l; < Ct5/2 for some
p € (0,1),allt > 0, and C independent of t. Such a decay estimate of solutions
to the linear heat equation is optimal for a large class of initial conditions (cf.
Propositions 2.1 and 2.2, below). Under these assumptions, we improve the
known algebraic decay rates of the solutions to (1.1)-(1.2) in the LP-norms for
every 1 < p < oo. In addition, if the initial data are sufficiently small, we
discover the new critical exponent

such that

e for ¢ > ¢* the asymptotics of solutions to (1.1)-(1.2) is linear and de-
scribed by self-similar solutions to the heat equation (cf. Corollaries 2.1
and 2.2, below);

e ¢ = ¢* corresponds to the balanced case, and the asymptotics is described
by a new class of self-similar solutions to the nonlinear equation (1.1) (cf.
Theorem 2.3 and the remark following it.).

In the next section of this report, we present and discuss our results. The
proofs of all results corresponding to the weakly nonlinear case are contained
in Section 3. Theorems 2.2 and 2.3 are proved in Section 4.

Notation.
The notation to be used is mostly standard. For 1 < p < oo, the LP-norm of a
Lebesgue measurable real-valued function defined on IR" is denoted by ||v||,.
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We will always denote by || - ||+ the norm of any other Banach space X’ used
in this paper.

If k is a nonnegative integer, W*?(IR") will be the Sobolev space consisting of
functions in LP(IR™) whose generalized derivatives up to order k belong also
to LP(IR").

The Fourier transform of v is defined as §(&) = (211) ™2 [jn e~ v (z) du.
Given a multi-index v = (71, ...,7,), we denote 97 = 91/97...97». On the
OtEEI' hand, for 3 > 0, the operator D? is defined via the Fourier transform as
(DAw)(€) = [¢]°|@().

The letter C' will denote generic positive constants, which do not depend on ¢
but may vary from line to line during computations.

2 Results and comments

For every uy € L'(IR"), the Cauchy problem (1.1)-(1.2) has a unique solution
in C([0,00); L'(IR")) satisfying

u € C((0,00); W>P(IR™)) N C'((0, 00), LP(IR™))

for all p € (1,00). The proof is based on a standard iteration procedure
involving the integral representation of solutions of (1.1)-(1.2)

(2.1) u(t) = eBuy — /0 "o Vet (|11 () dr

(see, e.g. [12] for details). Here, e'®uy is the solution to the linear heat equation
given by the convolution of the initial datum wug with the Gauss-Weierstrass
kernel G(x,t) = (4mt) ™2 exp(—|z|?/(4t)). Formula (2.1) will be one of the
main tools used in the analysis of the long time behavior of solutions.

Let us also recall that sufficiently regular solutions of (1.1)-(1.2) satisfy the
estimate

(2:2) lu-, B)ll, < C(p,r)t AP g,

forall 1 <r <p<oo,all t >0, and a constant C'(p,r) depending on p and
r, only. Inequalities (2.2) are due to Carlen and Loss [7, Theorem 1]. We
also refer the reader to [1, 2] where counterparts of (2.2) were proved for more
general equations: so-called Lévy conservation laws.

We begin our consideration by the analysis of the large time asymptotics of
solutions to the linear heat equation. Easy calculations show that for every
uy € L'(IR"™) such that [p. ug(z) do = 0 we have ||e®ugll; — 0 as t — oo.
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The following two propositions assert the existence of a large class of initial
conditions for which the large time behavior of e!®uy is self-similar. Here,
we need the notion of the Riesz potential Ig and the fractional derivative D?
defined in the Fourier variables as

— w(& — .
(23) (Tu)(©) =5 and (DPu)(e) = [¢Pae)
Proposition 2.1 Let 5> 0 and v = (71, ...., Yn) be a multi-index with v; > 0.
Assume that Tgug € L'(IR™). Denote

(8 _/
(2.4) A= |gr_r)10 i n(Iﬁuo)(x) dz.
Then
(2.5) 107 ug|ly < Ct=PPP=V2 || Lguq|y

for allt >0 and C = C(B,) independent of t and ug; moreover,
(2.6) tﬂ/2+|7|/2||87emu0(-) — A"DPG(-,t)]|1 = 0

ast — 00.

Remark 2.1. The L'-decay of solutions to the linear heat equation formulated
in (2.5) was proved by Miyakawa [23] under the assumptions

(2.7)  wo € L(RY), / wo(x) dx = 0, /w 2% uo ()| d < oo

n

Our assumptions on initial conditions are weaker than those by Miyakawa in
view of the inequality

(238) 1wl < € [ o luo(e)]| da

valid for every ug satisfying (2.7) with 5 € (0,1). Let us sketch the proof
of (2.8), however, it does not play any role in our considerations, below. It
is well known that (Isup)(z) = C(B,n) [ |2 — y|® ™uo(y) dy (in fact, this
representation holds true for every 5 € (0,n)). Hence, using the assumption
S vo(y) dy = 0 and changing the order of integration we obtain

Hguolly < C(5,n) /JR" </IR”

Next, note that the integral with respect to z in the inequality above is finite for

1 1
A

i) )]

every y € IR", because its integrand ||z — y|[°~ — |z|°~"| is locally integrable
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and behaves like |2]°~17" as |z| — oo (here, the assumption 3 € (0,1) is
crucial). Hence, by the change of variables, we obtain

o

Since supye o (03 S [lw = y/yllP™™ — [w|?~"| dw < oo (we skip the proof of
this elementary fact), we obtain (2.8). O

1 1
w—=y/lyl[*=? fw|mP

1 1

— dw.
|z —y|=F fx[rh

dx = |y|°
an

We can derive the self-similar asymptotics of e/*uq in LP(IR") with p € [2, o0]
under weaker assumptions on .

Proposition 2.2 Let ¢ = ((£) denote a function homogeneous of degree > 0.
Assume that ugy satisfies

(2.9) sup fo(£) <oo and lim o (€)

cemn\{oy L(§) lel=0 £(§)
for some A € IR. Denote by L the Fourier multiplier operator defined via the
formula Lv(€) = €(€)T(E). Under these assumptions, for every p € [2,00] and
for every multi-index

7571(1—1/1))/2+6/2+\7\/2||37615Auo — AD'LG(t)]l, = 0
as t — o0.
Propositions 2.1 and 2.2 are proved in the beginning of Section 3.

In our first theorem on the large time behavior of solutions to the nonlinear
problem (1.1)-(1.2), we assume the decay of ||e/*uo||; with a given rate and we
prove that the same decay estimate holds true for solutions to (1.1)-(1.2).

Theorem 2.1 Fiz 0 < § < 1. Assume that ug € L'(IR™) N LI(IR") satisfies
the inequality
(2.10) el < Cr o

for allt > 0 and a constant C independent of t. Let u be the solution to (1.1)-
(1.2) with ug as the initial datum. If ¢ > 14 1/n, then there exists a constant
C such that

(2.11) u(- )], < C(1+1t) 57

for all t > 0. The same conclusion holds true for 1+1/(n+ ) <qg<1+1/n
provided ug € L'(IR") N L®(IR™) and sup,.q t°/?||e"®uol|1 is sufficiently small.
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Remark 2.2. The assumption (2.10) means that uy belongs to the homogeneous
Besov space By 7™ (cf. (2.17), below) which will play an important role in the
analysis of the balanced case ¢ =1+ 1/(n + f3). O

The approach formulated in Theorem 2.1, saying that the decay estimates
imposed on the heat semigroup lead to the analogous estimates of solutions to
a nonlinear problem, appears in several recent papers. Here, we would like only
to recall (the list is by no mean exhaustive) the works on the Navier-Stokes
system by Schonbek [27] and Wiegner [31] where the L?-decay of solutions
was studied as well as by Miyakawa [22] where decay of the L'-norm and H”-
norms (the Hardy spaces) of weak solutions was shown. Moreover, our results
extend essentially the recent paper by Schonbek and Siili [28] where general
conservation laws were considered.

The decay of the L'-norm in (2.11) is crucial in the proof of the following
stronger result.

Corollary 2.1 Under the assumptions of Theorem 2.1, for every p € [1,00]
there exists C' = C(ug, p) independent of t such that

(2.12) u(-, )|, < C(1 4 ) /201572
for all t >0, and

lu(-t) = e uo ()l

(2.13)
t—(/2)(¢=1/p)=(Bg—1)/2 for q¢€ (1 + ﬁ; Z—iﬁ) ,
—(n/2)(1—1/p)—1/2 = nt
S Oy oglett) for =3
—(n — — n
t P for q> nip
for allt > 1.

As the immediate consequence of (2.13), we obtain that, under the assumptions
of Theorem 2.1,

(2.14) tDA=VPIHE2) 1y (1) — e Pug ()|, — 0 as ¢t — oo

for ¢ > 1+1/(n+ B) and every p € [1,00]. Moreover, the results from (2.14)
combined with Propositions 2.1 and 2.2 may be summarized by saying that
the large time behavior of solutions to (1.1)-(1.2) with ¢ > 14 1/n (or, if the
data are sufficiently small, for ¢ > 1+ 1/(n + f3)) is weakly nonlinear. This is
worth stating more precisely.
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Corollary 2.2 Under the assumptions of Theorem 2.1 and either Proposition
2.1 or Proposition 2.2 with ((§) = |£|°, the solution to (1.1)-(1.2) with q >
1+ 1/(n+ B) satisfies

H/2AADB/2 |y () — ADPG(-, )|, = 0 as ¢ — oo.

Remark 2.3. If the nonlinear term in (1.1) has the form V- f(u) and the function
f is sufficiently regular at zero, it is possible to improve the conclusion of the
last corollary to

t(n/2)(1*1/p)+(ﬁ+\7\)/2||37u(., t) — A DPG(-, ll, =0 as t— o0

for the multi-index v depending on the regularity of f. O

Remark 2.4. Let us look at Corollary 2.2 in the context of the viscous Burgers
equation
Uy — Ugy + (u*/2), = 0.

It is well known (cf. e.g. [16, 8, 12, 3, 10, 11]) that the large time behavior of
solutions to this equation supplemented with the integrable initial condition is
described by so-called nonlinear diffusion waves. If, however, we assume that
up satisfies (2.10) with some 5 > 0, the asymptotics for large ¢ of solutions to
the Burgers equation are weakly nonlinear. O

Remark 2.5. The conditions formulated in (2.9) appear in a natural way if
the Hardy spaces are considered. Let us recall that a tempered distribution
v belongs to the Hardy space HP on IR" for some 0 < p < oo whenever
vt = sup,oo (¢ * v)| € LP(IR"), where ¢y(z) = t "¢(z/t) with ¢ € S(IR")
such that [ ¢(z)dz = 1. We refer the reader to [30] where several properties
of the Hardy spaces are derived. We recall that H' is a Banach space strictly
contained in L'(IR") and that LP(IR") = H? for p > 1 with the equivalent
norms. Suppose now, that p < 1 and uy € HP. It is known (cf. [30, Chapter
ITI, §5.4]) that the Fourier transform 1, is continuous on IR™ and |uy(§)]| <
C PP~ |ug ||y for all € € IR™. Moreover, near the origin, this can be
refined to limg o @p(€)|€|7(/P~Y) = 0. Hence, assumptions (2.9) are satisfied
with £(¢) = [£]%, B € (0,1), and A =0, if e.g. uy € HM"+6), O

Remark 2.6. In this paper, we limit ourselves to the case 5 € (0,1) for the
following reason. Suppose that

(2.15) uy € L'(IR", (1 + |z|) dz) and / ugp(x) dr = 0.
R’rL
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It is proved in [9] that |le'®uo|ls < Ct="2|Jugl|p1(mn 2| ar) for all £ > 0 and a
constant C'; moreover,

£1/2

ey — / zug(x) dx - VG(z,t)
Rn

—0 as t— oo.
1

Now, using the second order asymptotic expansion by Zuazua [32] (cf. also
[2] for analogous results with more general diffusion operators and less regular
initial conditions) of solutions to (1.1)-(1.2) with ¢ > 1 4 2/n, we obtain that
the quantity

u(-,t) — </ nxuo(x) dx — a/ooo/ n(u|u|q_1)(x,7') dxd7'> -VG(z,1)

tends to 0 as t — oo. This asymptotic result shows that the large time
behavior of solutions with the initial data satisfying (2.15) cannot be classified

£1/2

1

as weakly nonlinear for every ¢ > 1 4 2/n, because the constant in front of
VG depends on the nonlinearity in an essential way. Hence, assuming that
leAugll; < Ct=8/2 for some B > 1 one should expect asymptotic expansions
of solutions completely different from that in Corollary 2.2. O

Our next results correspond to the balanced case

1

q = 1 + m
for some fixed 0 < < 1, where following the ideas form [4, 5, 6, 18] we
construct self-similar solutions to (1.1). Elementary calculations show that,
for this exponent, if u(x,t) is a solution to (1.1) then so is A" Pu(\x, \*)
for every A > 0. Self-similar solutions should satisfy the equality u(z,t) =
APy (Ax, A%t), hence choosing A = A(t) = 1/v/t we obtain its self-similar
form

(2.16) w( ) = U <%>

where U(x) = u(z,1), x € IR™ and t > 0. These solutions will be proved to be
asymptotically stable in the sense that they describe the asymptotic behavior,
as t — oo, of a large class of solutions to (1.1)-(1.2).

We will work in the Besov space B, defined by
ByP® = {ve S'(R") : ||'U||Bl—[3,oo < o0},

where §'(IR™) is the space of tempered distributions and the norm is defined
by
(2.17) [0]| g5, = sup 72| e* 2o

1 s>0
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The standard way of defining norms in Besov spaces is based on the Paley-
Littlewood dyadic decomposition. Here, the choice of the equivalent norm
(2.17) allows us to simplify several calculations. Lemmata 4.1 and 4.2, and
their elementary proofs show the usefulness of this definition.

The first theorem below constructs global-in-time solutions to (1.1)-(1.2) for
suitably small initial data in the space Bfﬂ’oo. The next one studies asymptotic
stability of solutions.

Theorem 2.2 Fiz € (0,1) and put g =1+ 1/(n+ ). There is € > 0 such

that for each uy € By ™™ satisfying |Juo||z s < ¢ there exists a solution of
1

(1.1)-(1.2) for all t > 0 in the space

X = ¢([0,00) : B"™)
N {u: (0,00) = LIY(R™) : supt™/DA-VOTE2)4(4)]|, < oo}
>0

This is the unique solution satisfying the condition

sup t(n/2)(1*1/q)+ﬂ/2||u(t)||q < 2e.

Remark 2.7. Proposition 2.1 describes a large subset in Bl_ﬁ’oo of initial condi-
tions ug. Moreover, let us remark that D%, € By Bro0 (the fractional derivative
of order § of the Dirac delta dp). This is an easy consequence of the defi-
nitions of e!® and &y, since e*DPy = DPG(-,t). Hence (3.1) below yields
|2 D88, = t=#/2||DPG(-,1)||;. Note that the tempered distribution D6 is
homogeneous of degree —n — 3. Using this important property and applying
the standard reasoning (cf. e.g. [5, Section 3]) based on the uniqueness result
from Theorem 2.2, one can easily deduce that the solution U(x,t) correspond-
ing to D8y as the initial datum is self-similar, hence of the form (2.16).

O

Theorem 2.3 Let the assumptions from Theorem 2.2 hold true. Assume that
u and v are two solutions of (1.1)-(1.2) constructed in Theorem 2.2 corre-
sponding to the initial data ug, vy € Bf’g’oo, respectively. Suppose that

(2.18) lim t7/2||e!® (ugp — vo)]|1 = 0.

t—00

Choosing € > 0 in Theorem 2.2 sufficiently small, we have

(2.19) lim 2OV (1) — o (-, )], = 0

t—00

for every p € [1,00].



12 G. Karch & M.E. Schonbek

Remark 2.8. Let Ua(z,t) be the self-similar solution corresponding to the
initial datum uy = ADP§, for some A € IR (cf. Remark 2.7). Combining
Proposition 2.1 with Theorem 2.3, we obtain a large class of initial data such
that the asymptotic behavior in LP(IR") of corresponding solutions to (1.1)-
(1.2) is described by Uy(z,1t). O

3 Weakly nonlinear asymptotics

Proof of Proposition 2.1. Let us note that the limit in (2.4) exists, because
tp(€)/]€|P is continuous as the Fourier transform of an integrable function.
First, we prove that 97 D?G(-,1) € L'(IR™). Obviously, 37 D?G(-, 1) is bounded
and continuous because its Fourier transform (i€)7|€|?e~ " is integrable. More-
over, it follows from [29, Ch. 5, Lemma 2] that for every 3 > 0 there exists a
finite measure p1g on IR"™ such that

_ €17

:U’ﬁ(g) - (1 + |§|2)5/2'
Hence, 07DPG(-,1) = pg * Kg,, where the function Kjp, is defined via the
Fourier transform as K, (&) = (i€)7(1 + |€]?)#/2¢71¢, Tt is easy to prove that
Kz, € S(IR™) (the Schwartz class of rapidly decreasing smooth function), and
this implies the integrabilty of 37 D?G(, 1) for every multi-index ~.
Now, by the change of variables, we obtain that 97 D?G (z,t) has the self-similar
form:
(3.1) O"DPG (x,t) = t "/ PNIZ@ DG (2 /1, 1)
for all x € IR and ¢ > 0.
We are ready to prove (2.5). By the Young inequality for the convolution and

by (3.1), we have
07 uglli = 0" DPG(t) * Tsus|l
< |0 DPG(, ) alsuoll
< PR DPG (L 1) ol

for all £ > 0.
For the proof of (2.6), we first observe that the change of variables z = z/v/t
combined with (3.1) lead to the following expression

tﬁ/2+m/2||676tAU0(') — A@VDﬁG(-,t)Hl
(3.2) :W?HWZ/ / 07 DPG (& — y,t) — DG (x,1)] Tyuoly) dy

<[] )] [0"DPG) e~ y/VE 1) ~ (0" DG)(=, 1) dyds

dz
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We already know from the first part of this proof that the function " DPG/(z, 1)
is continuous, hence the integrand on the right hand side of (3.2) tends to 0
as t — oo for all y, z € IR"™. Denote

A(z,y,t) = (0DPG)(z — y/V1,1) — (3"DPG)(2,1).

Now, to apply the Lebesgue Dominated Convergence Theorem to the inte-
gral on the right hand side of (3.2), we show that there exists F' € L'(IR")
independent of y € IR™ and ¢t > 1, such that

(3.3) |A(z,y,t)| < F(2)

for all z,y € IR™ and ¢t > 1. For this reason, note first that
Az, y,,1) =/ €1 (ig)" [emW/VE— 1] el e ag,
R™

Moreover, the symbol b(&,y,t) = (1 + |£]?)%/2(i€)” [e’iy/*/i — 1] e & is a 0
function of (£,y) € IR™ x IR", and satisfies the differential inequalities

O£ 05b(&, y, 1) < Cla,y, N)(1+ €)™

for all multi-indices o and v, all N € IN, and C(a,7,N) independent of
&y € R"and t > 1. By [30, Ch. VI, Sec. 4, Prop. 1], the (inverse) Fourier
transform with respect to & of b(&, y, t) satisfies the estimate

| Fe (g, () < O+

for all N € IN, and a constant C' = C'(IV) independent of z,y € IR™ and ¢ > 1.
Finally, the use of the measure ps from the first part of this proof combined
with standard properties of the Fourier transform and the convolution lead to
the representation A(-,y,t) = pg* F¢ 'b(-, y,t). Hence, (3.3) holds true for the
function F(z) = Clug = (1 +]-|7V)](z) with any N > n.

This completes the proof of Proposition 2.1. O

Proof of Proposition 2.2. The tool here is the Hausdorff-Young inequality
(3.4) 121, < Cllvll,
valid for every 1 < ¢ <2 < p < oo such that 1/p+ 1/¢g = 1. Hence, by (3.4),

the change of variables £¢'/2 = w, and the homogeneity of ¢, we obtain

107 e uy — ADLG (1)

q

(ig)ve*tlﬁlw(g) <W> d¢
tio(w/t'1?) A)

(iw) e I 0(w) (W -

<C

IRn

— /2= (B/2+h/2)q /

q

n
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Now, the assumptions on ug in (2.9) allow us to apply the Lebesgue Dominated
Convergence Theorem in order to prove that the integral on the right hand
side tends to 0 as ¢t — oo. O

Proof of Theorem 2.1. We use systematically the integral equation (2.1) com-
bined with inequality (2.2). First, note that since ug € L'(IR™) N LI(IR"), by
(2.2), we obtain

(35) i, 12 < Cllluoll, uoll ) (1 + 1) /20

for all + > 0. Hence, computing the L'-norm of (2.1), using the assumption on
up, and (3.5) we obtain

t
lu( )l < IIGtAuOIIﬁ/ la- VG(t=7)|[ullul-, )]G dr

(3.6) < Ct ﬁ/2+c/ )21 4 )R g
AR for ge (141,14 2);
< CtPP40Q +121ogle +1t), for qg=1+2
t=1/2, for qg>1+ %
3

Now, for ¢ > 1+ (8 + 1)/n we derive (2.11) immediately from (3.6), because
1/2 — (n/2)(qg — 1) < —(3/2 in this range of ¢.

Next, we consider 1 +1/n < ¢ < 14 (84 1)/n. A simple calculation shows
that « = —(1/2 — (n/2)(¢ — 1)) satisfies 0 < o < (/2. Moreover, it follows
from (3.6) that

(3.7) [u(- Dl <O +1)7"

Combining inequality (2.2) with (3.7) we obtain the improved decay of the
Li-norm

(3-8) lu(-D)lly < O +t/2) 2D u(-, /2)||y

<
< C(1+1t) (n/2)(1-1/g)—a

Hence, repeating the calculations from (3.6), using (3.8) instead of (3.5), we
obtain

(39)  [u(- )| < Ct="2 & / P2 4 7)== =00/2 g

—(n/2)(¢—1) —qga/2 < —1, the integral on the right hand side of (3.9) tends
to 0 as t — oo faster than ¢t=#/2 and this ends the proof. On the other hand, if
—(n/2)(¢ — 1) — ga/2 > —1, by the definition of «, it follows from (3.9) that

Ju(-, )]l < Ot B2 4 opaletl)
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Hence, if —a(q + 1) < —f3/2, the proof is finished. In the opposite case, we
use the estimate
(-, t)||, < C(1 + )=t

n (3.8) (with « replaced by a(g+ 1)) in order to get an improved decay of the
Li-norm. Consequently, after a finite number of repetition of the reasoning
above, we obtain (2.11).

Finally, let us prove (2.11) for 1+1/(n+f) < ¢ < 14+1/n under the assumption
that sup,., ||e"®ul|; is sufficiently small. For simplicity of notation, we put

*:1+ :
¢ n+ 0

and we use systematically the following inequality (obtained from the Holder
inequality and from (2.2))

q*
q*

q*
q*

(310) [l OF < [l DG luC D12 < Cllluollso)llul-, 1)

for all £ > 0. We also define a nonnegative continuous function

g(t) = sup (F72||u(-, 7)) + sup (rFED u(, )l,-) -
0<7<t 0<7<t

Now, computing the L'-norm of the integral equation (2.1) and using (3.10)
we obtain

2 ()]l

IN

t
P2 e uglls + CE2 [ (= 1)l 7)1 dr
0

812 || e

¢
+ g7 (1) C’tﬁ/Z/ (t — 7')*1/27'*1/2%/2 dr
0

(3.11)

IN

for all ¢ > 0. An elementary calculation shows that the quantity
P12 /t(t — 1)V 27812 gy
0

is finite for every ¢ > 0 (since 0 < < 1) and independent of ¢. A similar
reasoning gives

(3.12) [lu(-, D)l < (t/2) (/2 A=1/0) ||6t/2 uol[1
C’/ ~(n/2)(1-1/g")=1/2_-1/2-B/2 4.

Note now that —((n/2)(1 —1/¢*) — /2 = —(1/2 + /2)/q*. Moreover, the
quantity

t0/2+ﬁ/m/q*t/¢(t__ T)A(n/2X171ﬂf)41/27f4/2—ﬂ/2 dr
0
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is finite (because —(n/2)(1 —1/¢*) —1/2 > —1) and independent of ¢ (by the
change of variables).
Combining inequalities (3.11) and (3.12) we obtain

(3.13) 9(t) < Crsup 2| uglly + Cag® (1)

for all £ > 0 and constants C; and C5 independent of ¢.
Now, we consider the function

F(y)=A+Cy? —y where A=C, sup )l uolly

and ¢* > 1. If A > 0 is sufficiently small, there exists yo > 0 such that
F(yo) = 0 and F(y) > 0 if y € [0,y9). Moreover, it follows from (3.13)
that F'(¢(¢)) > 0. Since ¢(t) is a nonnegative, continuous function such that
g(0) = 0, we deduce that g(t) € [0,y,) for all £ > 0. This completes the proof
of Theorem 2.1. O

Proof of Corollary 2.1. We obtain (2.12) combining inequality (2.2) with (2.11)
as in (3.8) replacing ¢ by p and « by /2.

To prove (2.13), in view of the integral equation (2.1), it suffices to estimate
the LP-norm of the second term on the right hand side of (2.1). Here, we split
the integration range with respect to 7 into [0,¢/2]U[t/2,t] and we study each
term separately as follows. Using the Young inequality for the convolution and
(2.12) we obtain

t/2
L e Ve 2 lul ) (@)l dr

t/2
B1) < [ o VGt =Dl 7]l dr

< C / Y (¢ 7)) B g

- 0
—(n)2)(q—1/p)—(Bg—1)/2 _1  nt2
(/2 (a1/p)~(Ba-1)/ for g€ (1+ ;15 52),

< C t—(n/2)(1=1/p)—1/2 log(e + t) for q= Z—_,—';;a
—(n)2)(1—1/p)—1/2 +2
t—(n/2)(1-1/p)-1/ for Q>ZT5

for all t > 0.

A similar calculation gives
t
o= Ve D2 o) @)l dr

t
(3.15) < [ =1 Pl 7, dr
t/2
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IN

C / SU2(] 4 7)1 =5a/2 g

< Ot (n/2)(g—1/p)—(Bg—1)/2

for all ¢ > 0.
Finally, combining (3.14) and (3.15) (note that —(n/2(¢—1/p) —(Bg—1)/2 <
—(n/2)(1 = 1/p) —1/2 for ¢ > (n+2)/(n+ B3)) we obtain (2.13). O

4 Nonlinear asymptotics

The following two lemmata give the crucial estimates for the integral equation
(2.1) systematically used in the proof of Theorem 2.2.

Lemma 4.1 Let a € IR" be a fized constant vector. There exists a constant
C > 0 such that for every w € L'(IR"™) we have

(4. o Ve s < CHO V2 ul),

for all t > 0.

Proof. Here, we use the definition of the norm in Bfﬁ’[’o and properties of the
heat semigroup as follows

l|la - VetAwHBl—Bm = sups®?||e*®a - Vel w||,
s>0

(t+s)A

= sups’?||a- Ve wl|y

s>0
< C||lw]|; sup 35/2(t + s)_1/2
s>0

for all t+ > 0. Now, a direct calculation shows that sup,. o s?/2(t + s)7%/2 =
C(B)tP~Y/2 with C(B) independent of t. O

Lemma 4.2 Assume that v € Bf’B’oo. Then for each p € [1,00] there exists a
constant C' > 0 such that

||etAv||p < Ct—(n/2)(1—1/p)—ﬂ/2||U||B_ﬂ -
1

for all t > 0.
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Proof. Standard properties of the heat semigroup e® and the definition of the
norm in B; 7> give

le"oll, < O(t/2)" AR tD2 ||, < Ot DUR02 ]| g
for all £ > 0 and a constant C. O

Proof of Theorem 2.2. Our reasoning is similar to that in [4, 5, 6, 18]. Moreover,
the calculations below resemble those in the proof of Theorem 2.1 with 1 +
1/(n+ B8) < q <1+ 1/n, thus we shall be brief in details. Recall that

1
n+p

g=q =1+

which is equivalent to

We equip the space X with the norm

|u|lx = max{stl;%) ||u(t)||31_g,oo, Stg%)) t(n/2)(1—1/q)+6/2”u(t)“q}
and we show that the nonlinear operator
(4.2) N)(0) = g — [ - T3 (lult™) () dr

is a contraction on the box

Br.={u€ X : |u(t)|lz s~ <R and supt™DEVOE2)1y1)||, < 2¢}
1 t>0

for sufficiently large R > 0 and a suitably small € > 0. This will be guaranteed
provided we shall prove the following estimates

(43) IN@ Ol gsoe < llugllgosoe +C=2
(4_4) t(n/2)(1—1/tI)+,3/2||N(u) (t)||q < CHUO“B;B@O + Cet,
and
(4.5) [NV (w) () = N (0) ()| g
< Cet7" sup tAUVOFB2 |y (1) — (-, 1)
£>0
(4.6) (DR (u) (£) = N (v) (1)l

< Ce"~'sup (DO (- ) = o, 1)l
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with constants C' independent of u and ¢.
For the proof of (4.3) observe that ||e"®ug|| z-s.0c < ||tto]|3-5.. Hence comput-
1 1

ing the B;”*-norm of (4.2) for u € Bp. and applying Lemma 4.1 we obtain

t
IV () (®)lg-oe < ||e'fAu0||B;5,oo+/0 la - Vet (ulul?=") (1) 55 d7

t
< uollg-ee + C/ (t = 7)BE=D2 ju(r)||2 dr
0
< luoll g-p.00 + Ce? /t(t _ ) BV 2 D) Baf2 g
! 0

Note now that the assumptions § € (0,1) and ¢ = 1 + 1/(n + () guarantee
that the integral on the right hand side is finite for any ¢ > 0. Moreover, since
(6—1)/2—n(q—1)/2—Bq/2+1 = 0, it follows that this integral is independent
of t. Hence, estimate (4.3) holds true.

The proof of (4.4) is similar. It involves Lemma 4.2 as follows

t
IV (@)@l < IIemuoHﬁ/0 o 7€t (ufu| ") (7)]], dr
(4.7) < Ct*(”/”(l*”q)*ﬁ”||u0||81_g,oo

4Ot / ‘(= 7y DOV 122 a1 Bar2 g
0

In this case, the conditions on 3, q imply again that the integral on the right
hand side is finite for every ¢ > 0. In fact, by a change of variables, it equals
Ct=(/2)(1=1/P)=B/2 for a constant C' > 0. Hence (4.4) is proved.

The proofs of (4.5) and (4.6) are completely analogous. The only difference
consists in using elementary inequality

(4.8) |ulul=" = vlol=!]| < Clla—olly (lullg™ + l0l17™")

valid for all u,v € LY(IR"™).
Finally, it follows from (4.3)—(4.6) that N : Br. — Bpg, is a contraction for
R > 2||u0||Bl—B,oo and a suitably small £ > 0. Hence the sequence defined as
up(t) = e®ug and w11 (t) = N (u,(t)) converges to a unique (in Bg.) global-
in-time solution to (1.1)-(1.2) provided uy(t) € Bgg, i.e. ||u0||81_g,oo <e.

|

The proof of Theorem 2.3 requires the following result from [18, Lemma 6.1].

Lemma 4.3 Let w € L'(0,1), w > 0, and [y w(z) dx < 1. Assume that f
and g are two nonnegative, bounded functions such that

(4.9) £(6) < g(t) + /0 () f(rt) dr.
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Then limy;_,, g(t) = 0 implies lim;_,, f(t) = 0. O

Proof of Theorem 2.3. The subtraction of equation (2.1) for v from the anal-
ogous expression for u leads to the following identity

ut) —v(t) = e(uo— o)
(4.10) - /0 a-Vell"MA (u|u|"’1 - v|v|q’1) (1) dr.

Next, repeating the reasoning from the proof of (4.4) involving inequality (4.8)
we estimate

-, 2) = o( )l
(4.11) < Ot n/2(-1/q)-5/2 ((t/2)5/2||e(t/2m(u0 — 'UO)HI)

40 [ (=) RO o 1) — o, 1)
x ([[u( D"+l o)) dr.
By Theorem 2.2, the both quantities

aup £PAODSu ), and sup D2 o ),
>0 >0

are bounded by 2. Hence, multiplying (4.11) by ¢t™/20=1/a+6/2 putting
(4.12) f(t) = tRATHDER (e 8) — v (-, 1) g,
and changing variable 7 = ts, we get

ft)y < C@/2)P2)|e">2 (ug — vo) |y
(4_13) 490071 /1(1 _ 8)—(n/2)(1—1/4)—1/28—(n/2)(4—1)—ﬁQ/2f(t8) ds.
0

Since (1 — s)~(/2(1-1/a)=1/24=(n/2)(@-D=Ba/2 ¢ [1(0,1) (cf. comments following
inequalities (4.7)), we may apply Lemma 4.3 obtaining f(¢) — 0 as t — oo for
sufficiently small e > 0. This proves (2.19) for p = q.

Next, we prove (2.19) for p = 1. Computing the L'-norm of (4.10) and repeat-
ing the calculations from (4.11) and (4.13) yield

2 u(-,t) —v( )l < 721" (uo vo)||1
e / 1260/ D-Ba2 f (15 ds



Convection-diffusion equation 21

where f, defined in (4.12), is a bounded function satisfying lim;_,, f(t) = 0,
by the first part of this proof. Hence (2.18) and the Lebesgue Dominated
Convergence Theorem give

(4.14) lim #9/2|u(-,£) — v(-, )|, = 0.

t—o0

The next stage of the proof deals with (2.19) for all p € (1,00). The calcula-
tions from (3.8) show that ||u(-, )|/ and |[v(,%)|| can be both bounded by
Ct™/27B2 for all t > 0 and a constant C independent of t. Hence, by the
Holder inequality and (4.14) it follows that

1
[u(,t) —v( )], < Cllu-,t) —v(, B)]1}"
< (ul OIS + ol 1)[15577)

where we used the following inequality
(4.15) lglgl™* = lnl| < C(q)lg — bl (lgl** + [

valid for all g, h € IR, ¢ > 1, and C(q) depending on ¢, only.

Finally, the proof of (2.19) for p = oo involves equation (4.10) and (2.19)
proved already for all p € [1,00). Standard L? — L7 estimates of the of the
heat semigroup imply that

tn/2+,3/2||€tA(u0 . UO)

IN

Ot /2012 (1 2) 72|22 (ug — wo) |
C(t/2)""2)| e (ug — wo) [l = 0

oo

as t — oo by assumption (2.18).

To study the second term on the right hand side of (4.10), the integration
range with respect to 7 is decomposed into [0, t] = [0,¢/2] U [t/2, ].
Combining inequality (4.15) with estimates of the heat semi-group and the
Holder inequality yields

Ha L Yelt-nA (u|u|q—1 _ U|U|q—1) (T)H
(4.16) <C(t— T)*n/2—1/2||u(7) — (7)1 (HU(T)H?;I 4 ||U(T)||g§1)
< C’(t _ 7_)fn/271/27_*/3/2*(n+ﬁ)(q71)/2fl (T)

)

where C' is independent of ¢ and 7, and fi(7) = 7%/%||u(r) — v(7)||; is the
bounded function which tends to 0 as t — oo by (2.19) for p = 1.
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Moreover, choosing 1/r 4+ 1/z = 1, similar calculations lead to

Ha - Velt-mA (u|u|"’1 — v|v|q’1) (1) ‘oo

(4.17) < C(t — 7)WL=/ 2 (/2 AL/ =B/2=(n+B)a=1)/2 £ (1)

where f.(7) = 7(/20=1N+8/2||y(1) — v(7)||, also tends to 0 as t — oo by
(2.19). Hence, by the change of variables 7 = ts, it follows from (4.16) that

12
/ Ha - VellmA (u|u|"’1 - v|v|q’1) (T)H dr
0 o0
< OB / V21 2 )i/ =Bl 8)a-012 £ (1) s,
0

The integral on the right hand side is finite (recall that ¢ = 1+ 1/(n + f3)),
because

B (+B)a—1)  B+1

5 5 5 > —1 for € (0,1).

This integral tends to 0 as ¢ — co by the Lebesgue Dominated Convergence

Theorem.

The case of the integral j;f/z ... dt involves inequality (4.17) with z > 1 chosen

such that —(n/2)(1 —1/z) —1/2 > —1. The proof here is analogous as in the

last case and as such will be omitted. This completes the proof of Theorem 2.3.
O
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