ASYMPTOTIC BEHAVIOR TO DISSIPATIVE
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ABSTRACT. We consider the long time behavior of solutions of dissipative
Quasi-Geostrophic flow (QG) with sub-critical powers. The flow under con-
sideration is described by the nonlinear scalar equation

(0.1) 90 +u-VO0+r(=D)0 =T,

ot
Olt=0 = 0o

Rates of decay are obtained, for both the solutions and higher derivatives in
different Sobolev spaces.

1. INTRODUCTION

In this paper we are concerned with the long time behavior of the solutions
to a special case of surface 2D dissipative Quasi-Geostrophic flows (DQG) with
sub-critical powers «

(1.2) % +u-VO+ k(—=L)*0 = f,

ot
0)t=0 = 6o

Here o € (0,1], k > 0, 0(t) is a real function of two space variables x € R? and a
time variable t. The function 6(t) = 0(x,t) represents the potential temperature.
The fluid velocity u is determined from 0 by a stream function

oy 9y

(1.3) (u1,uz) = (_87152’87961)

where the function i satisfies
(2% =6

Equation (1.2) is obtained when dissipative mechanisms are incorporated into the
inviscid 2D-Quasi-Geostrophic equation (2DQG). The 2DQG is derived from the
General Quasi Geostrophic (GQG) equations by reduction to the special case of
solutions with constant potential vorticity in the interior and constant buoyancy
frequency [3]. For information on the GQG equations we refer the reader to [8]. The
fractional power aw = 1/2 is perhaps the most interesting one since it corresponds
to a fundamental model of quasi-geostrophic equations, see [4] and [8]. As pointed
out in [4] “Dimensionally the 2DQG equation with e = 1/2 is the analogue of the
3D Navier-Stokes equations.”
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Two main problems will be considered. In the first, the power a will range in
the interval (1,1]. In this case when o € (1/2,1] it is known that the solutions
are smooth on the torus, see [4]. In [16] Wu establishes regularity of solutions for
certain type of data and forcing functions. Here we obtain smooth solutions in R? by
establishing uniform bounds in the H™ norms for solutions with appropriate data
and forcing term. Interest will be then focused on the analysis of the asymptotic
behavior of the energy of derivatives of all orders.

To establish decay in H™(IR") spaces the main tool will be the Fourier splitting
method [11], [12]. This technique was used among others to treat solutions to Par-
abolic Conservation Laws (PCL) and Navier-Stokes Equations (NSE). What makes
the approach different here is that unlike the case of PCL and NSE the dissipative
mechanism is not given by a straightforward Laplacian but by a fractional power of
the Laplacian and new estimates are necessary. Before even addressing questions of
decay new estimates are necessary to establish uniform bounds for the derivatives.

Some of the proofs presented in this paper only consider the case when a €
(1/2,1]; these proofs could be extended to the case o € (0,1] provided there were
an a priori bound ( possibly time dependent) of the derivatives of the solutions in
the space L2. In particular the estimate obtained by Wu in [16] could be used once
a uniform bound on the W norm of the velocity w is established.

The second question we address is the decay of the solutions in LP. Given the
decay in L? obtained in [4], the new H™ decay obtained in the first part of the
paper will yield immediately, via a Gagliardo-Nirenberg inequality, decay in all L?
spaces with p > 2. Decay rate in L? had been already obtained in [16], for p > 1.
The problem now is to improve this decay by imposing conditions on the initial data
which insure the decay of the L' norm of the solutions. Two cases are considered.
First the weak solution will be analyzed when o = 1/2 and decay will be shown in
L'. Second, decay is established for solutions in WP, p > 2 and ¢ > 1, in the case
where o € (1/2,1].

Acknowledgments. The authors would like to express their thanks to the anony-
mous referees for many very helpful and thoughtful comments and suggestions.

1.1. Notation and Preliminaries. The Fourier transform of v € S(R?) is defined
by 0(€) = (2m)7" [z e Sv(x) do. It is then extended as usual to S’. Given a
multi-index v = (y1,72) and m = |y| = 71 + 72, we denote

1kl
= o
and
=% o,
|a]=m

If k£ is a nonnegative integer, W"P?(R?) will be, as is standard, the Sobolev
space consisting of functions in LP(R?) whose generalized derivatives up to order
k belong to LP(R?). As usual, when p = 2, then W*2(R2?) = H*(R?) where (also
as usual) the space H*® is defined for all s € R as the space of all f € &’ such that
(L+[E?)*/2f(€) € L.

Following Constantin and Wu [4], we denote by

1

(1.4) A=(-A)3
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the operator defined by /Q(f) = \§|f(§) More generally, if s > 0, we define A® by

AsF(€) = [e* f(e).

Clearly A®f is well defined (and in L?) if f € H*. More generally, one can define
the domain of A® as consisting of all elements f € S’ such that f is a function (i.e.,
locally integrable); it is then clear that the definition given above defines A®f as a
tempered distribution.

We denote by R1, R2 the Riesz-transforms in R?; i.e., ’Ej\f(ﬁ) = fi(fj/|§|)f(§).
The operator R+ taking scalar valued functions to vector valued functions is defined
by

(15) RJ—f = (_83€2A71f7 8$1A71f) = (_R2f7 le)

The relation between u and 6 in (1.2) can then briefly be stated as u = R*#.

If F is a function defined on R? x [0, 00), we define for ¢t > 0 the function F(t)
on R? by F(t)(z) = F(x,t). For such F, the Fourier transform (and inverse Fourier
transform) is always with respect to the space variables; thus

F(&,t) = F(1)(€)

for all t > 0. The letters C, Cy, C1, etc., will denote generic positive constants,
which may vary from line to line during computations.

2. UNIFORM ESTIMATES

In this section we suppose o € (1/2,1]. We show that A®@ decays in L?-norm
for § > 0; in particular we establish the uniform boundedness of the solution 6
in H™ if the initial datum 6y € H™. Our results in Theorem 2.4 can easily be
adapted to the torus and as such extend those of Constantin and Wu [4, Theorem
2.1]. The decay we obtain in this section is not optimal, but is needed to obtain
the optimal rate of decay in the next section. In the last part of this section we
establish uniform estimates on the L> norms of the solutions. These estimates are
obtained by bounding the L' norm of 6. We will need to use Theorem 3.1 from [4],
we state it here for ease of reference.

Theorem 2.1. Let o € (0,1] and 6y € L' N L?. Assume that f € L'([0,00); L?),
satisfying

(2.1) [£(®)ll2 < Co(1 +1)72 7 |f(€ )] < Colé]a

for some constant Cy. Then there exists a weak solution 0 of the 2DQG equation
(2.2) % +u-VO+r(=D)*0=f, Ol1—0 =0

such that

(2:3) 100, 8)l 222y < C(t+1)7 3

where C is a constant depending on L' and L? norms of 0y, on the L*(L?) norm

of f, and on Cy.

We also need the following Sobolev type estimate.
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Lemma 2.2. Let 2 < p < oo and let 0 =1 — 127 There exists a constant C' > 0
such that if f € S’ is such that f s a function, then

1fllp < CIIA? fll2.

Proof: Since f is a function, we have f(&) = |¢|77|¢]7 f(€). Taking the inverse
Fourier transform, we get f = I, (A% f) where I, is the Riesz potential of order o.
It is well known (cf. [13, Chapter V, Theorem 1]) that I, is bounded from L?(R?)

to LP(R?) if L =1 — 2. The Lemma follows.
P

Next, a simple observation connecting the L? norms of the temperature and the
velocity (or transport term) that will be used repeatedly.

Remark 2.3. Let 1 < p < oo. There exists a constant C,, depending only on p such
that

(2.4) 1A% u(t)ll, < Cpl AP0,
for all B >0, t > 0. If p =2, this inequality can be strengthened to
(2.5) [Au(t)]|2 = [|A%6(t)]|2-

In fact, (2.4) is immediate from the fact that u = R*6, the fact that the Riesz
transforms commute with A? and the boundedness of the Riesz transforms in LP.
Concerning (2.5), it suffices to observe that

i

NBu(é,t) = A

(&2,&1)[€17(¢,1)

and the norm equality follows.

We are ready to state and prove the main result of this section. This first theorem
gives a uniform bound for the derivatives of the solution 6(¢) of the two dimensional
DQG and, for a sufficiently fast decaying f, an auxiliary rate of decay that will be
improved in the next section.

Theorem 2.4. Let o € (1/2,1], 8 > a and assume q satisfies 2/(2a—1) < g < o0.
Suppose 0y € L* N L2, AP0y € L?, f € L'([0,00] : LI N L?), satisfies (2.1) and
A= f € L2((0,00), L?). If 6 is a solution to (1.2) with initial datum 6y then

. 1/2
26)  JAPOW|l < Co(l 4% + O ( / |Aﬁ-af<s>%ds) ,

fort >0, where Cy, Cy are constants depending only on norms of the initial datum
and f. In particular, if f =0, then

(2.7) IA%0(0)]|z> < Co(L+1)~%

for allt > 0.

Remark 2.5. In [4, Theorem 2.1] the authors assume, in case 8 < 1, that ¢ =
2/(1 — ). This choice is consistent with our more general one, since it is also
assumed in [4] that 8 + 2o > 2, which implies 2/(1 — 3) > 2/(2a — 1). The

assumption 0y € L' N L? (as well as f satisfying (2.1)) is needed to apply Theorem
2.1.
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Proof:
The first part of the proof we present is formal. At the end of the proof we give
a sketch on how to make the arguments rigorous. To obtain (2.6) multiply both
sides of (1.2) by A%%6(t) and integrate in space,
1d
77/ |Aﬂ9(t)|2dx+n/ A1) 2 dar =
2dt R2 R2

—/ (u-V@)AQﬁGdaz—i-/ AP0, dx
R2 R2

We estimate the second term on the right hand side of the last equation by

(2.8)

2
(2.9) fA?POdx < f/ |ATPO(t)|? da + f/ |AP=f? da.
R2 8 R2 K Jr2

Estimating the first term will take a little bit longer. We claim that there exists
a constant C'(k, 0o, f), depending only the initial datum 6, the L'(0, co, L?)-norm
of the external force f, and x, such that

/ (u- VO)A*P0 da

R2

(2.10) < gIIAC“*ﬁGII% + C (6o, f, k)| AT =C/Pg) 3,

where s = 0 —a+1 and p is determined by % + % = % and q is as in the statement
of the theorem. The meaning of s,p,q will not change for the remainder of this
proof. To establish the claim, we begin observing that because div v = 0 we can
write

u - VO = div(uf) — 0divu = div(ub);
thus, by Plancherel, Holder, and again Plancherel

/ (u- VO)A*P0 da
R2

/Rz (€10ur(€) + &10uz(€))|€1720(€) de
2 ~ ~

<> / €=+ | Gus () €] *+710(€) | de
=1

2
< DA Gu) 2 A6 2,

i=1

hence

2
K (e 2 S
< SIS + = C1IA®(0us)| 3.
i=1

(2.11)

/ (u- VO)A*P0 da
R2

We estimate ||[A®(Qu;)||2 by the calculus inequality, getting
A% (Ous)ll2 < C ([[uillg| A6l + (10| A%uillp)

for i+ = 1,2. This inequality follows easily by combining Holder’s inequality with
the Gagliardo-Nirenberg and Young inequalities, see also inequality (3.1.59) on
page 74 of [14]). Since u; = £R;0 (4,5 € {1,2}, i # j) and the Riesz transforms
commute with A and are bounded in LP, LY (notice that 2 < p,q < o0), we have
|A%w;]lp < C||A%8]|, and |Juslq < C||6]|4 for ¢ = 1,2. Applying this to the previous
estimate, we get

(2.12) [A° (Ous)ll2 < Cl10]l| A6
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for ¢ = 1,2. To continue, we estimate ||f||, by the following maximum principle,

t
(2.13) 16l1ze < oz + / 17 ()l e dr.

For details on this inequality and its proof we refer the reader to [10], [1], but we
briefly describe the main idea, as given by Wu [15]. Specifically, (2.13) follows by
multiplying both sides of (1.2) by ¢|0|9~26 and integrating with respect to x to get

d _
ot < a( [1or2r a0
- /|9|q*29(u-ve) dx/0|q20/<;(A)“9)dx>.

One sees that the second integral on the right is zero. The last integral on the right
can be shown to be positive [10], [15]. Thus

d _ _
G101L < a [ o207 do < gl sl

and (2.13) follows. Because f € L(0,00; L9), we proved
A (6us) 12 < C (60, )%,

for i = 1,2, where Cy(fo, f) is independent of ¢, depends only on 6y, f. By Lemma
2.2,

IA* (Bus)[|l2 < C (0o, f) AT~/
for ¢ = 1,2. Using this in (2.11), (2.10) follows, establishing our claim, with

C(k, 0o, f) = 2C (6o, f)*. Combining (2.8), (2.9) and (2.10) yields
1d 3K, 4 o 2 a
(2.14) 5%”1\"9(?5)”3 + A )5 < CollA76]5 + ;IIA" flI3

where Cy = C(k, 09, f) and we introduced v = s + 1 — % =0—-a+2(1— 11;)
To continue estimating, let By, = {€ : [¢|?> < M}, with M > 0 to be determined
appropriately below. The choice 2/(2a—1) < ¢ < oo implies % > % = %f% >1—aq,
hence X +a—1>0. Thus*y=o<+6—2(%+a—1) < a+ B and

IWoOlgde = [ oW e [ e e

BI\/I

IN

M2Y|o(t)|3 + MG FeTD A Po() 3
Selecting M large enough to satisfy MAGral) < k/(4Cy), it follows that
(2.15) Col[A78(t)|3dz < ZHAO‘*%(t)H% +CoM>(|6(1)][3-

Next,

[A+20]I3

Y

c

/ €D de > M2 /
B,

= M2a|| A% — M /B €202 de

1€12%10) dg

M

implying
(2.16) IA®+76]13 > M2a|AP9])5 — MPCHD6(1)]3.
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By Theorem 3.1 in [4] (stated as Theorem 2.1 in this article), ||0(t)||2 decays at the
rate of (14 t)~/®. Using this estimate in (2.15) and (2.16), and then returning to
(eq:L1), we get

d a ~ c —1/a 2 -«
(2.17) allf\%(t)ll?rf'd\/f2 [APO(t)13 < CoMe(1+1)~Y +;HA5 FWI3

where C is a new constant depending only on f, 6y, k and ¢ = max(2y, 2a+24). For
convenience, let v = kM?2®. Multiplying both sides of (2.17) by e** and integrating
in time we see that

t
IAPO)]13 < e " (IA"Golf5 + C'OMC/ e =9 (s 4 1) ds
0

) t
b [ ar e () s
0

K

The desired estimate (2.6) now follows, since

IN

t

(2.18) / eV (14 s)"ads < C(1+1t)w,

0

t t

(2.19) / e VS H(s)ds / H(s)ds
0 0

for all ¢ > 0, some C.

This completes the formal part of the proof. To make the above arguments rig-
orous, apply the same proof to the “retarded mollifications #,,” which are solutions
of the sequence of approximate equations

2
(2.20) aaT + Uy - VO + K(=0)%0, = f,

where u,, = Us_(6,) is obtained from 6,, by

(2.21) Uy (0,) = /0 SR O (¢ — b7 .

and Rt is defined by (1.5).

The function ¢ is smooth, has support in [1,2] and fOOO ¢(t)dt = 1. This con-
struction is similar to the one used by Caffarelli, Kohn and Nirenberg in [2] for
solutions to the Navier-Stokes equations. It is easy to see that for each n the values
of u,, depend only on the values of 6, in [t — 2d,,,t — d,]. As stated in [4] the 6,
converge to a weak solution # and strongly in L? almost everywhere in . Since the
bounds for the AP6,, are independent of n it follows that they hold for the limiting
solution 6.

This concludes the proof of the theorem

Remark 2.6. In proving Theorem 2.4 we estimated (see (2.19))

t t
/o e AP f(s)[3ds < / AP f(s) 3 ds

to get the second term on the right hand side of (2.6). The assumption f = 0 then
causes the L2-norm of A?0(t) to decay in time. However, by (2.18), it follows that



8 MARIA E. SCHONBEK AND TOMAS P. SCHONBEK
we have decay of this norm as long as |[AP~% f||y decays fast enough. For example,
if

1P f (D)l < CL+1)7°
for some ¢ > 0, then (2.7) can be replaced by
(2.22) IAPG(t) ]| L2 < Co(1 + ¢)~ min(z50)

where Cj only depends on f and the initial datum 6.

The remainder of this section deals with obtaining L bounds of the solution;
more precisely, L'-bounds of the Fourier transform of the solution. If the hypotheses
of Theorem 2.4 are satisfied with 3 > 1, it is clear that 6(t) € L' and [|6(t)]]; is
uniformly bounded in ¢. In fact, § € L2 N HP = HP, hence

/RQ l6)|de < C (/RQ“ " |§|2)ﬁé(§)|2d§)1/2

1/2
= ([ avien i) <
R2

In the next lemma, we show that we also have 0(t) € L', with a uniformly bounded
L'-norm, if 3 = 1.

with

The next lemma gives an a priori bound of the L' norm of §(t). It then suffices
to establish a local existence theorem to obtain a global uniform bound.

Lemma 2.7. (A priori bound) Assume the hypothesis of Theorem (2.4) with 3 > 1.
If B =1, assume also that 0y € L' and that f € L'(0,00, L*). It follows that there

exists C' > 0 such that
ol <C
forallt >0

Remark 2.8. The hypothesis on f in case 8 = 1 can be considerably weakened, but
the proof becomes somewhat more involved.

Proof: Since we only want an a priori bound the proof is formal. The case
B > 1 was dealt with in the remarks preceding this lemma; we assume from now
on that 8 = 1. By Theorem 2.4, there exists C' > 0 such that

IVO@)[l2 = |AO(2)][2 < C
for all ¢ > 0. An easy calculation yields

t
b= e el g, — / e RIS =) T8 ds + H (1)
0

where ,
H(t) :/ eHIEP (1=9) f(5) ds.
0

By the additional hypothesis on f, it is obvious that H(t) is uniformly bounded in
the L'-norm. Hence

t
(2.29 16 < ol + [ e OT ], ds +
0
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where C'is chosen so that ||H(t)||; < C for all t > 0. Since the first term of the right
hand side of (2.23) is bounded by hypothesis, we only need to bound the second
term. For this purpose, we split it into two parts for an appropriate value of € > 0
as follows.

t
/ e~ R =) 0]y ds = T + IT
0

where, if £ > ¢,
t—e
I = / a0 ds,
0
t 2a E—
7 = / e~ I t=2)y . V0|, ds;
t—e

if0<t<ethenl =0and Il = fg Hm”l ds. We begin bounding I, assuming
t>e
¢ 20 — K 1
/ le= = g )lu - VO||z ds < O | ——[|VOja]|ul| ds
t—e t—e (t - S)%

11

IN

IA

Csup||VO(t)|2 sup Hé(s)Hlel*%,
t20 0<s<t

where we used that [|u(t) e < Cla(t)]1 < C||A(¢)||1, since the components of i are
obtained multiplying # by functions of absolute value 1. Since ||V6(t)]|2 is bounded
in ¢, we can select € > 0 so that

1 .
(2.24) II < = sup |160(s)]1
2 p<s<t
for all ¢ > €. Assuming now ¢ < €, we estimate essentially the same way to get
t
1T < Csup [VO(0)]l2 sup 10(s)] / (t—s)"2 ds < C sup [[f(s)[e' 3.
>0 0<s<t 0 0<s<t

Decreasing the size of € > 0 if necessary, we can assume that (2.24) also holds for
O0<t<e

To bound I, we use the fact that ||u(s)||2 = ||0(s)]l2 < C(1 + s)~1/?2* < C,
[IVO(s)]l2 < C for all s > 0 (some constant C'). We assume t > € (otherwise I = 0).

1

IN

t—e t—e
le=FIEF =)y o~ VO Vol ds < C | —mw-venmds
)E

t—e
c/ 1Hu||2HV9H2ds<C/ L s

(t—s)=

IN

The last integral is bounded by Ce'~# if a < 1, by C log(1/e€) if @ = 1; in either case
by a constant since € has been fixed. In other words I is bounded independently of
t; using this and (2.24) in (2.23), we get

R 1 R
16@)x < C+ 5 sup [l6(s)]]x
0<s<t

for all ¢ > 0, C independent of ¢t. The lemma follows.
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Corollary 2.9. Under the hypotheses of Lemma 2.7 one has that [|6(¢)||c, ||@(t)]1,
and ||u(t)||o, are uniformly bounded in ¢.

Proof: Since the components of u are Riesz transforms of 6 (hence, the com-
ponents of @ differ from 0 by factors of absolute value 1), it is immediate from
Lemma 2.7 that ||@()]]1 is uniformly bounded in time. The uniform bound on the
L norms now follows.

O

The next Lemma gives the local existence for solutions with data 6y, where
0o € H! andéo eL!

Lemma 2.10. Let 0y € H' and 6, € L', and f satisfies the hypothesis of Theorem
(2.4). Let o € (1/2,1], B = 1. Then there exists T > 0 and a solution 6 of(0.1)
such that 0 € L>([0,T] : H') and 6 € L>=([0,T] : L')

Proof: The proof follows by a straightforward application of the Contraction
Mapping Theorem to the sequence of solutions of the equations

00,
a5 T (—R20p-1,R1b5—-1) - VO, + k(=L)%0,, = f,
Oli=0 = 0o

Theorem 2.11. Under the conditions of Theorem (2.4) there exists a global solu-
tion 6 € L>([0,00) : H') such that 6 € L>([0,00) : L)

Proof:
Combine the two last Lemmas.

3. H™ AND FRACTIONAL DERIVATIVES DECAY

In this section we improve the decay of the derivatives of order 8 of the solution
0 of (1.2), assuming the external force f = 0. The decay established in the last
section is not optimal but does provide the stepping stone to obtain the optimal
decay; that is, a decay rate which coincides with that of the underlying linear part.
The main tool used is the Fourier splitting method, (see [11], [12]). The solutions
considered here are supposed to be smooth. The assumption that the external force
is zero is not essential. The same results can be obtained when f # 0, provided
|[AP=<f||2 decays sufficiently fast (see Remark 2.6 above and Corollary 3.4 at the
end of this section). The proof is the same as the one presented below, with the
addition of a term that decays sufficiently fast by hypothesis.

We assume throughout this section that o € ( %, 1], m > « and 6 is the solution
of (1.2) (with f = 0 until further notice) such that 6 = 6(0) satisfies 6y € L'(R?)N
H™(R?). The hypotheses of Theorem 2.4 are thus satisfied for any 3 € [a, m]. The
numbers p, ¢ are as in the previous section; % + é = %, 0< % <a-— %

Before improving the rate of decay of the derivatives of 6, we state some of the
immediate consequences of Theorem 2.4.

Corollary 3.1. Under the assumptions mentioned above, the following estimates
hold for ¢t > 0:

(3.1) 100t) 1z
(3.2) ()l

A
Q
+
i

1
2a
’
L
2a

IA
Q
+
I
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C a constant depending only on norms of the initial datum; moreover, if m > 1, r
any exponent in [2,00), then

Cr(l4t)"2,0<y<B—1,
CT(1+t)_i7OS'YSﬂ_17

(3-3) 101+
(3-4) A u(t)]]

IN A

C, a constant depending only on norms of the initial datum and 7.

Proof: Since H™ = {g € L? : A™g € L?}, inequality (3.1) is immediate from
Theorem 2.4; inequality (3.2) follows then from Remark 2.3. Inequalities (3.3),
(3.4) follow from these and Sobolev’s Theorem.

The next Theorem will give the optimal decay rate of decay for the derivatives
in the sense that it coincides with the decay rate of the underlying linear part.

Theorem 3.2. Assume 0 is a solution of (2.2) with data 6y € L' N H™. Then
(3.5) 1A%0®)]lz» < Ot +1)7 5,
where C'is a constant which depends only on the norms of the initial datum.

Proof: The proof is based on an appropriately modified Fourier splitting
method, combined with the preliminary estimates of the last section. We will
assume « < 1; referring to [5] for the case oo = 1.

Assume o < 8 < m. We return to the derivation of inequality (2.14) in the proof
of Theorem 2.4, recalling that C(k, 0o, ) = %C’(é’o,f)2 and C(6o, f) was a bound

for ||6(t)||4 given by the maximum principle. If we forego this bound, we obtain
directly for some constant Cy, all t > 0,

1d 3K v a Cat1-2
(3:6) 5 ZINOWIE + A3 < CLllomF1A7 o).

Becauseﬁ</8—a+1—% < a+ 0, With5>05uchthat5—a+1—% =
(1=0)8+ d(a = p), we have

Y ., _5 a K «
IAZ= 500l < IAPOE ISV IO IE < (o IACO) I5+Cal AT o),

where we take Cj so that C1|6(t)||2 < Co for all ¢ > 0; C5 being determined by
this choice. Inequality (3.6) can be modified to

Ld

(3.7) 2dt

K e
IAP0@)[5 + S 1AHP0@)I3 < Colo@)FIIA0 ) 5.

For ¢t > 0 set

— . 2a H
S) = ¢ 6P < iy
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where p is chosen so that p > % + 1. Then
1A 002 = / €2 g (o)) de
RQ

2#’ 20 0 2d
el LR I

= 27'u B 2 28 2
 3k(t+1) (”A 0@t)l1 /S(t) 1€1°710(t)] d§>

24 2 2p . 2.
> W(nwwnz—(w) ||e<t>||2>,

estimating [|0(t)||2 by const-(1+¢)~/(2%)  and putting it into (3.7) we get, after we
estimate the factor [|6(¢)|2 in (3.7) by C(t + 1)~= (Corollary 3.1),

1d
2dt

N0+ 5 IO < O+ )T AP0 + 0+ 1) 75

Assume proved for some A, 0 < A < (8+ 1)/a, some C > 0, and all ¢ > 0, that
(3.9) [APB]5 < C(t+ 1)~

(3.8)

Then using this in (3.8) we obtain, after multiplying by the integrating factor
2(t+ 1)*,

d _1_ _ B+l

o (DI AP@)3) < O+ 1)~ + O+ 1)
Integrating from 0 to ¢, and then dividing by (¢ +1)~#

AP0 < IA%0)]3 + C)(t + D)7+ Clt+ 1) 75 4 Ot +1) 7=
It follows that in (3.9) we can replace A by min(A+ 1 —1, %) Since 1 —1 >0,
we are done. 0

Corollary 3.3. Under the conditions of the last theorem it follows that the solutions
to DGD equations have the decay in LP

it2 1

|D7ul, < Cp(t +1)~=% 3]

Proof: Use the estimates in Theorem (3.2) and [4] combined with a Gagliardo-
Nirenberg inequality.

(3.10) ID7ullp < Cyllully™ D73

where a =1 — j%% Thus

(3.11) I D7ully < Cy(t +1) 71075+

Replacing a with its definition gives the expected decay. (I

In the case that f # 0 we can obtain the same results of Theorem(3.2) provided
f decays at the appropriate rate. More precisely
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Corollary 3.4. Under the conditions of Theorem (3.2), suppose f satisfies (2.1) and

B+1

(3.12) AP fC DI < CA+t) T

if 6 is a solution to (2.2) with data 6y then
B+1

(3.13) |APO(t)|| 2 < Ct™ 2,
where C is constant which depends only on the L? norm of the data and f.

Proof: The proof follows the same steps of the last theorem. O

4. L' AND IMPROVED LP DECAY

In this section we consider the decay in L? spaces for p € [1, 00]. New conditions
on the data will be necessary to insure decay of the solutions in the LP-norms when
p € [1,2), mainly that a Riesz potential of the data lies in the corresponding LP
space.

We first consider the L' decay of the solutions for the special case when a = 1/2.
In the more general case when o € (%, 1) the L' decay for derivatives of higher order
will be obtained. The case of @ = 1 is the easiest since the linear part is the heat
equation.

4.1. Linear asymptotics. Let a € (0,1], k > 0. We consider the linear equation

20 o
(4.1) 5 TR=L)M0 =0,

in R? x R ; the solution § = 0(z,t) is a function of a space variable € R? and a
time variable ¢ > 0. Without loss of generality, we assume x = 1.
The function G, will be defined for o € (0,1] by

Ga(gv t) = €—|E\2°‘t.
The solution 6 of (4.1) with initial datum 6y is then given by
0(t) = ™0y = G, (t) = 0.

We recall once again that if 0 < 3 < 2, the Riesz potential I3 is defined in the
Fourier variables by

Tpw)(€) = T’é?
Then we can write
(4.2) DV0(t) = (VAPG,)(t) * (I500).
By a standard change of variables, since n = 2, it follows that
(4.3) (OVAPGL)(x, 1) = t~ G5+ ER+D) (9TAPG ) (t %, 1)
hence, by the Hausdorff-Young inequality,

(4.4) 1070(#)]l, < t~ ot 5+ 2030197 ABG L, (1), | T560 1

for all t > 0, 1 < p < oo. Thus, in order to establish the L? decay of 976(t) it will
suffice to prove that 9YAPG,(1) is in LP. We do this in the next lemma.

Lemma 4.1. Assume a > 1 and let p € [1,00]. Then "APG,(1) € LP for all
8 >0 and all multi-indices v = (y1,72).
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Proof: Since
PAPGa(1)(€) = §7]¢[ 7™
is integrable, it follows that 9YAPG, (1) € L™ (for all a > 0). All that remains to
be proved is that 9VAPG, (1) € LL.
We consider two cases; a > % and o = % Assume first o > % It is not hard to
see that

‘A (8@a) (&, 1)‘ ‘A (@\ﬂﬁeﬂi\m)‘

C(1 + [¢|N)[g|I+A+20-2o el

IA

— 2
for some constants C,N > 0, all £ € R?. It follows that ‘A ((‘97A5Ga) (571)’

near 0 behaves like |§|2|“”+2ﬂ+2("*4 which is integrable since, because a > %, 2|y +
28+ 40— 4 > 4a—4 > —2. It follows that A <8VA5GQ) (1) is in L2, hence so is

|z|207AP G (1). Tt being clear that G, (1) € L?, it follows that (1+ |z|2)07APG,(1)
is in L?; since (14 |=|?)~! is in L2, the proof that 97 APG,(1) is in L' is complete.
Assume now o = % Then

APGy (2,1)

1 .
7/ |¢|P et EeIEl e
27 R2

1 27 e}
- / Tﬁ-i—le—r(l—ia:sine) dr do
2m Jo 0
L(B+2) /2” do
B 2m o (1 —izsing)s+2’
JFrom the last expression it is immediate that 9YAPG, (1) € L*(R2) if 3+ |v| > 0.

It remains to see that the same is true if 3 = 0, v = 0. However, in this case the
integral is easily computed by residues; one has

27
do 1
1 1) = — = '
Gy(z,1) 27T/0 (1 —izsing)?  4(1+ |x[?)3/?

The last expression is clearly integrable over R2.
O

Remark 4.2. The last Lemma is valid for o € (0,1/2) provided S+ |vy| > 1. In fact,
essentially the same proof as for the case a > % applies. The only relation «, 3,
had to satisfy for the argument to be valid was 2|vy| + 28 + 4o — 4 > —2, which
clearly holds if @ > 0 and 8+ |y| > 1.

The results in the remainder of this section are based on the ideas described in
[5] to study the L' decay for solutions to viscous conservation laws.

Theorem 4.3. Let o € (0,1], let 0 < 3 and assume that 150y € L*(R?). Let
v = (m,72) be a multi-index; assume |y|+3>1 if a < 3. Set

B 9o (€)
" e=o (€8

(4.5) - /R (Igfo) () d.



ASYMPTOTIC BEHAVIOR TO QUASI-GEOSTROPHIC FLOWS 15

Let 0(t) = e "0y = Ga(t) * 0 be the solution of (4.1) with initial datum 6.
Then, for 1 <p < oo,

(4.6) 1076(t)], < Ot~ % =5~ 5| 146y

for allt >0 and C = C(B,7) independent of t and 6y. Moreover,
(4.7) t36+ 52005 | 970(t) — ADYAPGa(t)]|, — O
ast — oo.

Proof: By Lemma 4.1 (see also the remark following it) we have 97APG,, € LP.
Writing
879(1&) = (67A6Ga<t)) * 1590,
in view of Lemma 4.1, (4.6) is immediate from (4.4) C = [|[07AG,(1)],-
For the proof of (4.7), we can write
070(z,t) — AD'APG (2, 1))
</, [(07AGa)(z —y,t) = (A" Ga) (. )| [ 1500 (y)| dy

1/p

< </]R2 | 1560 (y)| dy)ngl (/RQ (07APGo)(x — y,t) — (OVAPGa) (. )] | 1560 (y)| dy)

Raising to the power p, integrating with respect to x, and changing the variables
by z = ot~ 2, combined with the self-similar form of G, ( see (4.3)) leads to the
following expression

070(t) — AmAﬂGa(t)ug
< |Zsboll2™! / (07AGo)(z — 3, 1) — (D A°Ca) (s t)F 1580 ()| dady
R2 xR2

_» _1 _
— ¢ 3a (B+v+201 ,,))”IﬁgOH:ll’ 1

>< /
R2 xR2

To complete the proof of (4.7) we only need to show that
(4.8)

lim
t=o0 Jr2xRr2

(070 Ga) (e — 1 Fy,1) = (07AGa) (=, 1)| 1T (y)| ddy.

(a’yAﬁGa)('z - t_%y7 1) - (87A5Ga)(z7 1)‘11 “[590(3/” dzdy = 0.

The Fourier transforms of all the derivatives of the function 97A#G(1) are in L'; it
follows that this function is infinitely many times differentiable, with all derivatives
bounded. Thus the integrand in (4.8) converges uniformly to 0 over compact subsets
of R? x R2. Moreover, by Lemma 4.1, the function (and its derivatives) are in LP.
By this L¥-integrability, and the integrability of I3, one can find for each € > 0
a compact subset K, of R x R? such that

Lo [ NG =)~ @G 1) Uil ey <
2« R2 .

This, and the aforementioned uniform convergence, prove (4.8). This completes the
proof of the theorem. O



16 MARIA E. SCHONBEK AND TOMAS P. SCHONBEK

Remark 4.4. In the case a = 1 we recall that, in [7], [6] Miyakawa obtained the
L'-decay of e*®ug provided the |z|®-momentum of the data is bounded. The as-

sumption on the Riesz potential is weaker than the one assumed by Miyakawa, see
[5].

O

We also obtain, as an immediate corollary to Lemma 4.1:

Corollary 4.5. Let o € (0,1], let 0 < 3 and assume that Iz0y € LP(R?); 1 < p < oo.
Let v = (71,72) be a multi-index; assume |7[+ 8 > 1 if o < 1. Then there exists a
constant C' > 0 such that

B _ vl

(4.9) |67e A" 0|, < Ct 7 2=
for all ¢ > 0.

1590“19

Proof: By (4.2) and (4.3), and the Hausdorff-Young inequality,

B _Ivl_ 1

[07e " 0l <t 2w |0TAPGa(t 2w, 1)1 [ 200 (1)

8 _ 1l

_ £ H@’YAﬁGa(l)HlHlﬁ‘%(t)np

and the result follows from lemma 4.1.
O

4.2. Nonlinear Asymptotics. The next step is to use the results from the last
section to get the decay of the solutions to the geostrophic equations in L' and
with that improve the decay of the solutions in LP. The decay will be obtained by
estimating the solutions via their integral representation. We note that the decay
below might not be optimal. So as to be able to include the critical case o = %, we
recall the following result due to Constantin, Cérdoba and Wu [1].

Theorem 4.6. There erists a constant co such that for any 6y € H?(R?) with
100llz2 < ¢oo, the equation

9t+uV0+A9:0
has a unique global solution 6 with initial datum 0y, satisfying
10() = < [160]l 72
for allt > 0.

Combining this theorem with Theorem 2.1, and using the Gagliardo- Nirenberg
inequalities, one obtains for this solution 6, u = R0

(4.10) 16l < ClONZIA%0)Z < CllbollZ,(1+1)77,
(4.11) lu@®lle < Clull3 |A%ul3 < Cllboll, (1 +)2,
and by Holder,

(4.12) IVO®) 12 < 10113 IA%0)3 < 160l 77, (1 +1)7=.

We assume 0 is this solution in case a = %
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Theorem 4.7. Let 3 > 0, assume that 150y € L' (R?), and let 0 be the solution of
the homogeneous DQG with initial datum 6.

i: Assume % <a<1l. Then
o)) < Ct™

for allt > 0, some constant C', where

V:{ min(/3, ) if a=3%,

min(Z, L) if i<a<l

20 2a

ii: Assume oo = 1. Then

101 < {

ct% if B<1,
Ct-zlog(t+1) if 8>1,
for some constant C.

Proof: Write the solution by its integral representation,
t

(413)  0(t) = Gu(t) % 0o +/ Gals) % (- VOt — 5)ds = Galt) = 6 + I(2).

0
From the last section it follows that

_B

(4.14) [Ga(t) * bolly < Ct™2[|I500]11
and the theorem reduces to proving that

I(t) = /O [Gals)*(u-VO)(t—s)|1ds <C(L+1)7"

is appropriately bounded. By Hausdorff-Young, Hélder, and the fact that «V6 =
div(uf),

t/2 t
I = / 1Ga(s) * (u- VO)(t — 5|1 ds +/ VG (s) * (ub)(t — )|, ds
0 t/2
t/2 t
< /O 1Ga(s)ll1llu(t = $)[2IVO(Et — s)[l2 ds + /t/2 IVGa(s)l1llu(t = s)[l2]|0(t = 5)l|2 ds
= J(t)+ K(1).
By the results of the last section we have
(4.15) 1Ga(s)li = Ga(W)h=C
(4.16) IVGa(s)lly = 573 [VGa(L)lly = Cs™ =,
C a constant depending only on a. We also have
(1+1)732 if a=1,
_ _ < 3 2
fute—lalvoe ol < { G108 & STE,

The estimate for o = 1/2 comes from Theorem 2.1 and (4.12), the one for o > %
from Theorem 3.2. Using this and (4.15) we get, with u = % if a = %, u= %,
otherwise

t/2
J(t) < C/ (1+t—s)"ds < C(1+t)*,
0
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since in all cases ;> 1. Note that p—1 = % when p = % and for all other p’s it
follows that p — 1 > i, so 4 —1 > v in all cases. Thus
(4.17) Jt)<CA+t)™"

and we are done with the estimate for J. To estimate K (t) we use that |lu(t —
20t = 8)]|2 < C(1 +t —s)~= and (4.16) to get

Ct~ 2 if l<a<i
418) K@) <C 2 = '
(4.18) () < zé Ctzlogt if a=1.

The conclusion of the theorem follows now from (4.13) and (4.14), using (4.17) and
(4.18) to bound I(t) = J(t) + K(t)

t

Sii(l‘i’tfs)ié ds < {

|
Derivatives of the solution 6 can be similarly bounded, at least if o > % We
have

Theorem 4.8. Let 3> 0. Assume 130y € L'(R?), 6y € H™ for some m > 1 and
let v be a multi-index, |y| < m — 1. Then

" O~ min(HR 5 l<a<t,
ool < g O
Ct 2a ' 2« log(t + 1), o = 1.

Proof: Proceeding as in the proof of Theorem 4.7, we get
[070()[lx < [[07Ga(t) * ol + J5(t) + K4 (1),

where the terms on the right hand side now have the following interpretations and
bounds: o

107G (t) # Ools < Ct~ 5",
by (4.6). For the second term, using the estimates in Theorem 3.2 we obtain first

(4.19)
107 (@ Vo) (t-s)li < Y el ult—5)[2ll070(t—s) |2 < C(1+t—s5)" 2,
[v1l4|y2|=]v]+1

(the coefficients ¢, , coming from Leibnitz’ formula), hence (since 3 — 2a > 1)

|v]|+3—2c [v[+1
(3

t/2
Jw<t>=/0 1Ga()11107 (- VO) (¢ — sl ds < C(t+1)~ 2572 < Ot +1)~3

[v]+1

For the third term we use that |[VO7G,(t)|| = Ct~ 2= and, as in Theorem 4.7,
that

lu(t — 5)0(t — s)|l1 < (1 +t—s)"=

to get
t _ vl . 1
Ct™ 2= if s<ax<l1
K. (t :/ VI'Gy(s uf)(t—s)||; ds < . 2 ’
()= [ 190 Gal)lalw6)t—s)1s { T
The theorem follows. O

Finally, we see that the solution 8 is asymptotically equivalent to the self-similar
solution of the linear equation, at least if 3 < 1. For a given 8 > 0, (4.3) shows that
the self-similar solution 9YA?G, of the linear equation decays in L'-norm at the

rate of ¢~ g as t — 00. Theorem 4.8 shows that the derivative 97 of the solution
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of the non-linear equation (with datum 6 satisfying Igfy € L') decays (at least)
at the same rate if § < 1. By asymptotic equivalence, we mean that the difference
of 6 and the self-similar solution of the linear equation decays at a better rate.

Theorem 4.9. Assume 0 < 3 < 1 and the hypotheses of Theorem 4.8. Then, with

A= Ag = /Rz(fﬂgo)(x) dCC,

one has
B+~

lim ¢ 2= [|076(t) — ADA’G,o(t)]|, = 0.

t—o0

Proof: We have

10(t)— AP AP G (t) = 87 (Ga(t)00) — AT AP G () + / t 871G o (5)%(u-VO)(t—s) ds
0

and by Theorem 4.3 it suffices to prove that
B+l

(4.20) lim ¢ H(t) =0

t—oo

where
H(t)= /0 |07Ga(8) * (u-VO)(t — s)||1 ds.

This is, however, immediate from the proof of Theorem 4.8. In fact, we have
H < J, + K, where J,, K, are as in the proof of Theorem 4.8. It follows that

[v]+1

H(t) decays at the rate of either t~ 2= (a < 1) or =t logt (o = 1); in either
case (4.20) holds because 8 < 1.
O

Corollary 4.10. Under the conditions of the last Theorem if |y| = 0 the conclusion

of the theorem is also valid for the case a = %

Proof: The proof follows the same lines as the last theorem. O
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